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Abstract: We describe a method for finding an optimal investment and dis-
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nique for estimating the cumulative distribution function of a function of
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1 Introduction

Increasingly employers are passing the responsibility of preparing for retire-
ment on to their employees. Fixed employer pensions are being reduced or
eliminated in favor of defined contribution plans such as 401(k) plans. As a
result, individuals often find themselves at retirement with a pool of assets as
one of their major sources of income for their retirement years. This requires
them to make two key decisions. First, how much of this pool should they
withdraw annually to cover living expenses and second, how should they in-



vest the balance. The primary risk that drives these decisions is the risk of
running out of money which could leave the individual with limited means
at an advanced age. Both the withdrawal and investment decisions are key
to minimizing this risk. Withdrawing too much will deplete the assets pre-
maturely, while withdrawing too little will reduce the individuals standard
of living standard. Similarly, investing the assets too conservatively will in-
crease the risk of running out of money since the assets will grow more slowly
but too aggressive an investment strategy may do the same since it will in-
crease the risk of a large asset loss. These decisions are complicated by the
uncertainties of investment returns and mortality.

In this paper we describe a method for finding a solution to this problem in
the context of expected utility theory. The solution relies on a deterministic
method for estimating the cumulative distribution function of a function of
several independent random variables [2]. This method estimates the c.d.f.
without utilizing integration or discretizing and gives a very good estimate
when the number of random variables involved is not too large (less than
20 or so). Since the method does not utilize integration, finding expected
values is reduced to single dimensional integration and this allows us to easily
develop partial derivative information. Thus we reduce the problem to one
that can be solved using standard optimization routines for deterministic
equations.

2 The Retirees’ Asset Allocation Problem

Consider an individual who retires with an accumulation of assets (for ex-
ample IRA’s, 401(k) profit sharing plans, personal savings etc.) and who
has a fixed annual annuity (for example an annuity contract or an employer
pension plan) and an inflation indexed benefit (for example Social Security
or a governmental pension). The individual must decide on an annual with-
drawal and asset allocation strategy that will maximize the expected utility
of his/her income stream.

In this paper we propose a formulation of this problem as a dynamic
stochastic program using a discrete time model. Our objective is to max-
imize the expected value of the sum of the utility of the retirees annual
income stream. The formulation as a dynamic program allows use to keep
the number of random variables involved at each step to a reasonable size
(twelve for our sample case). This allows us to use the technique discussed



in the introduction and in detail below, that gives an accurate estimate of
the cumulative distribution function of the utility without integration. Thus
in turn gives us a good estimate of the expected value via one dimensional
integration so that we can use standard optimization approaches to solving
the problem.

2.1 The Model

In order to ease understanding, throughout this paper we will use capital
letters without embellishment (e.g. W) to denote a random variable, capital
letters of the form B to denote a random vector, small letters such as c¢ for
constants, small letters of the from ¢, for vectors of constants, and (finally)
capital letters D; and L; (to be defined below) are decision variables and
vectors of decision variables respectively

The proposed model is a discrete time model. The basic variables for the
model are as follows:

CPI; - change in consumer price index from attained age i to attained
age 1+ 1

D; - distribution from accumulated retirement assets for age i > r, a
decision variable

fage - age the fixed annual annuity becomes payable

fbft - the fixed annual annuity, payable for the retiree’s life

1 - the retirees age from age at retirement until maximum possible survival
age

tage - age the inflation indexed benefit will begin

1bft - annual inflation indexed benefit in dollars at retirement age r

INC}; - total annual income for the retiree during age %

L, - an n-dimensional column vector whose j-th entry is the percent of
retirement assets invested in asset class j for 1 < 7 < n —1 at the beginning
of age i (the n'* entry is always equal to zero since it corresponds to the
entry in R; which is used for inflation as discussed below). This is a vector
of decision variables.

mz - maximum possible survival age

ipr - the probability that the retiree will survive from age r to age i.

r - age of retirement

Ri - an n-dimensional column vector whose j-th entry is the rate of return
on asset class j for 1 < j < n —1 from attained age ¢ to attained age 7 + 1,



the n'® entry is inflation for the period.

7»_1 - actual return on each asset class for the year prior to retirement

W; - accumulated retirement assets at age ¢ > r, before distributions for
the upcoming year

w, - accumulated assets at retirement

Derived v:;u"iaul‘p[%es1 grlgzl .

i Py i L1>r

ACPL =1 10 ifi=r
retirement age to age %

b__{O if i < fage

‘] fbft ifi> fage
] 0 if 1 <iage
| ibft« ACPI; ifi> iage
The amount available for consumption during age 7 is as follows:

the accumulated change in CPI from

the fixed annual annuity at age ¢

Si the inflation indexed annuity at age 7

This is the sum of the amount withdrawn from savings for the year plus
income from the fixed annuity and the indexed annuity. Then the accumu-
lated retirement assets at age ¢ + 1 > r is given by:

VVH_1 = Inax (0, VVZ — Dz) * (Rz * [_/Z> (2)

The decision variables for the problem are the elements of L;, the per-
centages to be invested in each asset class at the beginning of age 7 and D;
the amount to withdraw from the fund each year. We assume the retiree
will reallocate the investments annually at the beginning of each age 7 in the
percentages specified by L;.

We assume the retiree wishes to maximize the expected value of the sum
of the utilities of the income stream that is produced from his/her allocation
and distribution strategy (this formulation is similar to that of J.R. Brown,
see discussion section of [5]). Moreover, it is assumed that the retiree’s
utility function remains fixed for all ages (although it would not be difficult
to adjust for a variable utility function). All future income levels are adjusted
for the passage of time by discounting them to the age at retirement by the
accumulated inflation and weight them by the probability that the retiree
will survive to age 7 to receive the income. Thus our problem can be stated
as follows.



Given w, and 7,_; (the retiree’s wealth at retirement and the return
performance of each asset class and inflation in the prior year) solve the
following stochastic program:

wax B (5 ) U (g )) 3)

Di,Li i=ry..comz ACPI;
Subject to
D; < W, Vi
SIT1L; (j) =1 Vi (recall L; (n) is inflation) (4)

0<Li(j)Vj<n—1,Vi

where FE' is the expectation operator and U is the retirees utility function
at retirement. We assume asset returns and inflation are the only random
and uncertain elements in the problem.
The problem can be reformulated as a stochastic dynamic programming
problem. For constants w; and acpi; and vector of constants 7;_1, let
EU? (wia acpi;, T_"z'—l) = MaxXp, L; j=i,...mz E(ET:‘”Z (jpr) U (%)

| W; = wi, ACPI, = acpi;, Ri—y = Fi_1)

i.e., EU} (w;, acpi;, ;1) is the function that gives the maximum expected
utility of the income stream from age i to age mx given the retiree’s wealth
at age ¢ is w; and accumulated inflation up to age ¢ has been acpi; and asset
returns from age 7 — 1 to age ¢ were 7; ;. Then we assume all wealth is
distributed in the last year of life, i.e.,

Wine + 10 f1 * acpime + b,m)

EU:MU (wmx7 acpimm; sz—l) —mz prU ( acpimz

If we have determined EU, | (wit1, acpiiy1,7iy1) then

EU; (wi, acpii, T5-1) =

mz— INC,
maXDj,Ej j=t,...,mz—1 E[Ej:i ! (jpr) U (ACP;) (5)
| Wi = w;, ACPI; = acpis, Ry 1 =7; 1] =

inCs _ INC;
Maxp, 7; j=i,....me—1 z’pr[]’pTU (;?pc;l) + E(Egnzxﬂll (jpr) U <—J_ACPI]‘)
| Wi = w;, ACPI; = acpis, Riy = 7_1)] =
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- i INCG;
maxp, 7, [iprU (%pc;) +maxp, 1. j=i-1,.mz-1 E(XP5 (o) U (ACP}J')
| W; = w;, ACPI; = acpiy, Ri_y = 7_1)] =

(7)

maxp, 7, [ip.U (22 + E(EUf, (Wis1, ACPI 1, )

acpi;

8
| W; = w;, ACPI; = acpi;, Ri—1 = Ti—1)] ®

Equation 7 follows from the principle of optimality from dynamic pro-
gramming since the equation is monotone increasing in the second term of
the sum. Equation 8 follows since

o mr—1 INC;
Maxp, 1, j=i-1,..,mz—1 B G U (ACP[]-)
| Wi = w;, ACPI; = acpi;, Ri_y = T5_1) =
INC;
_ mr . [l
maxp; r; j=i-1,..,ma—1 E[E(Ej:H—l Gpr) U (ACPI]-)

| Wi = w;, ACPI; = acpiy, Ri_y = Fi_1, Wiy1, ACPI 111, R;)]
and VD;,L; j=i—1,...,mz — 1 and each W1, ACPI; 44, R;

B(S7 (o) U (4555)
| Wi = w;, ACPI; = acpi;, Ri_y = 71, Wiz, ACPIi4, R;)
< EU}, (WG+1,ACPIi+1,ﬁi)

This implies

i ING;
E(E[Ej:i—l—l (jpr) U (WP}j)
| Wi = w, ACPI; = acpi, Ri_y = 7, Wit1, ACPI; 1, R;))

< E (EU},, (Wip1, ACPILiyy, By) | Wi = wy, ACPI; = acpi;, Ry = 73,

and the right hand being independent of D;, L; j = i—1,...,mz — 1 gives
us

_ mr—1 (. INCJ'
maxp; r; j=i—1,..,mz—1 E(Zj:H—l (]pr) U (Acpjj)

| Wi = w;, ACPI; = acpij, Ry 1 =75 1) =
E (EU}y (Wipr, ACPILyy, By) | Wi = wi, ACPI; = acpis, By =7,

The recursive steps are as follows



Find EU* (w,,1.0,7,_) (9)

by solving recursively, for the function

EU; (w;, acpis, Ti—1) =

maxp, ,[(ip,U (29)) + E(EU;yy (Wig1, ACPIy, ;) (10)
| Wi = w;, ACPI; = acpi;, Ri—l = 7j_1)]
subject to
D; < w
SiiLi(5) =1 (11)
OSLz(j)v] <n-1

with

Wine + 10f1t * acpi, + bmw> (12)

EU:,M (wmma acpimwa me—l) ~mx prU ( anl'mx

At each step, for selected values of w;, acpi; and 7;_1 we will estimate the
c.df. for EU:,, (VI/,-+1, ACPI;.+, é,-) given W; = w;, ACPI; = acpi;, Bi_i =
7;_1 using the technique described in [2] (discussed below) and use this es-
timate to calculate the optimal expected value. Using these values we will
estimate EU;  (wiy1, acpisq,7;) for all values of w1, acpis;q and 7 by in-
terpolation. This function will then be used to solve for EU} (w;, acpi;, Ti—1)
and so on.

2.2 The Asset Model

The asset model we use is similar to that described in [1]. The proposed
model for asset returns on each asset class and inflation is the following:
Let R; be an n-dimensional column vector whose n-th entry is the rate
of inflation for year beginning at ¢ — 1 and whose i-th entry, for ¢ # n, is the
rate of return on asset class i for the same one-year period. We assume g Iz
Y5, and the regression coefficients for R, p% are all known. For our analysis
we will use the model
Ry =e" (13)

where I; is an n-dimensional column vector defined as follows:
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It - (50 + (let—l + XA (]_4)

with X “4" N (0, Id,,) where Id,, is the n-dimensional identity matrix, ¢,
and (Zl are n-dimensional column vectors and A is an n X n matrix of con-
stants such that if Y = XA then ¥ ~ N (0, Yy) with 3 the n x n variance-
covariance matrix of Y. Thus our returns are lognormally distributed, cor-
related and have a one-year auto regression term.

The parameters 50, {51 and A are defined as follows (where q_b'O is like the
mean, 51 the auto correlation and A correlation, see Appendix A for the
derivation).

ey T T

e Oﬂd o Uﬁd
¢, (1) = [log | 1+ D) log |1+ — PRy (i)Rey1 (i) (16)
0 0

A=(9)7 % VT (17)

0_5’0 (1) = <1 - 51 (’)) log (H?{(i) (é) ) (15)

and

where
Yo =UxSxVT (18)

for random vector Y such that

7 /N 7 . O R()O R(j . .
COVy v () = (1 — ¢, (i) ¢, (])) log (1 + MPR@)}{@)) when i # j

K Rr(i)HR(j)
(19)
and 2
2 -2 . O'R(i) ' .
Ov6) = 1— ¢, (i) )log {14+ ——= | when i = (20)
0

(i.e. we use the singular value decomposition of ¥).

2.3 Estimating the c.d.f.

As stated, to evaluate the expected value we estimate Ehe c.d.f. using the
technique described in [2]. Let YV = f(X) where X = (Xy,...,X,) is



a vector of continuous independent random variables with c.d.f.’s F, (x)
(i.e.Fx, () = prob(X; < z) and f : R® — R is continuous and monotone
increasing in each z; (it is a simple adjustment to consider functions that in-
crease in some variables and decrease in others, see Appendix B for details).
Assume that the range of variable X is [b;, ¢;], that is, we have finite support.

The first step of the method is to divide the range of each variable into
subintervals thus creating a partition of [b1, ¢1]X...X [by, ¢,]. If {4, | j = 1,m}
is such a partition (i.e. A; is also an n-dimensional box) and if Fy 4, (y) is
the c.d.f. of the variable Y | X € A; then we can combine these c.d.f:s to
reproduce the c.d.f. of interest by setting

Fy (1) = 3 Fria, () Prob (¥ € 4,)

The next step of the method is to construct an estimate Fy |, (y) ~
Fy 4, (y). For this we use the formula

Fya, (£ (Fxla, (8)5 e Fx ), (8))) = 8 (21)
to obtain .
Fy (y) ~ Fy (y) = > Fy(a, (y) Prob (X € 4;) (22)

This estimate will converge as the measures of the A;’s decrease (see [2]).

For our problem we need to calculate £ (V) where Y = EU* (I/Viﬂ, ACPI; ., RZ)

For this we use the formula E (Y) = [72° (1 — Fy (y)) dy. Replacing Fy (y)
with Fy (y) from above and noting that

=5 Prob(X € Aj) — XL, Fya, (y) Prob (X € Aj)
=¥, Prob(X € 4;) (1= Fyia, (v)

we obtain

—+o00

E(Y) :fProb(X' eAj)/_

=1

(1= Fria; (v) dy



However for a continuously increasing distribution function we can use [*° (1 — Fy (y)) dy =

Jy Fy" (B) dB and using the formula !, (8) = f (Fxl\s, (), ... Fx! 4, (B))
the problem can be restated as

E(Y) ~ iPr ob (X € A)) / g (Fxla, (B) s Fxlia, (8))dB (23)

j=1 0

For our problem X is a vector of i.i.d. standard normals. Thus, if A; =
0 by [afc, a}g] and @ is the c.d.f. of the standard normal

Fyla, (8) = V2erf ' (2(8 (@ (a}) — @ (a})) + @ (a})) — 1)
and the function of evaluation is

f (X) = EU" (Wis, ACPIL i1, )

where
ACPIH_l = Rz (12) * anii
Wiy1 = max (0, w; — Di) * (ﬁz * Ei)
Ri = eL"
with
Ii = ¢O + ¢1Iz'—1 + XA
and

iz = log (7i-1)
_ We also need to evaluate partials with respect to each variable L; (X;) and

D; (for optimization) but this is straight forward as the partial derivatives
pass through the integral.

3 Example

We will solve the problem for the case of an individual who retires at age
107. This will require finding the optimal expected utility (and distribution
and allocation strategy) at age 108 for various possible scenarios of age 108
wealth, asset returns and inflation from age 107 to age 108, and using this
data to construct the function EUjyg (w, acpi,7) (we can start at age 108

10



since from our assumptions we have set ma = 109). Then we will use this
function to solve for the optimal age 107 distribution and allocation strategy.
For realistic problems, with much younger retirement age, we would then
continue backward in this manner to the age at retirement. The purpose of
this example is simply to describe the method.

3.1 Data for Individual Retiring at age 107

r =107
mz = 109
W, = $130, 000
fbft =$5,000
fage =107
ibft = $4,000
iage = 107

109P108 = 92D

108P109 = -526

U (e) = =57

o6 =[ .7 .7 .8 .8 1.04 1.03 1.01 1.06 1.02 1.02 1.03];

For this utility function, the relative risk aversion is R (z) = &% which

decreases as wealth increases.
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We will assume the retiree can invest in the following asset classes and
will experience inflation with the following characteristics (means, std.s and
correlation coefficients are from the Watson Wyatt 2003 Asset Return As-
sumptions, serial correlations are estimated with some reference to Ibbotson
historical values):

12



Large/Mid Cap Stocks
Small Cap Stocks

Non-US Developed Stocks (unhedged)
Emerging Market Stocks
Real Estate REITSs

Fixed Income

Long-term Govt. Bonds
High Yield Bonds

TIPS Inflation Linked Bonds
Non-US Bonds (unhedged)
Cash/Treasury Bills

Inflation
Corr.Coef.
asset class 1 2 3 4 5 6
1 1.00
2 .76 1.00
3 .68 .52 1.00
4 .43 .32 .46 1.00
5 .49 .56 .39 -.06 1.00
6 .33 .26 .11 -.06 .22 1.00
7 .41 .33 .14 .02 .25 97
8 .56 .34 .40 15 .05 .46
9 -.11 -.15 -.26 -.04 -.08 .28
10 .08 .06 .54 .18 .08 .22
11 .03 .02 .12 .04 -.04 -.05
inflation -.24 -.22 -.19 .00 -.17 -.11

3.2 Results

In experimentation we found that, for our example, the age 108 maximum
expected utility was insensitive to the prior year asset returns since the allo-

Class Mean Std. Serial Corr.
1 9.8% 172% 0
2 10.5 22.3 0
3 10.3  19.6 0
4 12.7  32.6 0
5 8.6 15.0 0
6 4.7 7.2 0
7 6.0 10.8 0
8 8.0 14.0 0
9 4.5 6.1 3
10 5.0 11.0 0
11 3.5 2.1 .75
12 2.4 3.1 .75
T 8 9 10 11 inflation
1.00
.47 1.00
21 -.08 1.00
.22 .13 -.22 1.00
-.13 -.08 .26 -.10 1.00
-.18 -.26 .65 -.24 .39 1.00

cation of assets did not include assets with a non-zero auto regression term.

Thus the age 108 maximum expected utility is only a function of wealth at
age 108 and inflation from age 107 to age 108. Using simulation we estimated
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that for the bulk of the probability, wealth at age 108 will fall in the range
zero to $338,000 and inflation from age 107 to age 108 in the range of -6%
to 10%. Using these values we solved for the optimal expected utility at age
108 (EUfyg (w, acpi)) for various values of inflation and wealth. The results
(weighted by the factor (1 4199 p10s) /108P107 for scaling purposes) are shown
in the following table.

Inflation
6% 2% 2% 6% 10%

$500 8.76 874 872 870 8.68
38,000 9.84 9.80 9.77 9.74  9.72
75,500 10.31 10.27 10.24 10.21 10.18
113,000 10.61 10.57 10.54 10.51 10.48
Wealth 150,500 10.84 10.80 10.77 10.73 10.70
188,000 11.02 10.98 10.95 10.91 10.88
225,500 11.17 11.13 11.10 11.06 11.03
263,000 11.29 11.26 11.22 11.19 11.16
300,600 11.41 11.37 11.33 11.30 11.27
338,000 11.50 11.47 11.43 11.40 11.37

The optimal distribution for age 108 for each outcome is as follows:

Inflation
-6% -2% 2% 6% 10%
$500 500 500 500 500 500

38,000 27,183 27,249 27,254 27,312 27,318
75,500 51,757 51,805 51,832 51,888 51,919
113,000 76,300 76,355 76,434 76,437 76,476
Wealth 150,500 100,859 100,908 100,931 100,989 100,996
188,000 125,373 125,429 125492 125555 125,594
225,500 149,954 149,989 150,003 150,054 150,092
263,000 174,463 174,563 174,589 174,629 174,699
300,500 199,036 199,059 199,111 199,161 199,182
338,000 223,577 223,637 223,645 223,672 223,737

We used these values to estimate the function EUSyg (w, acpi) using spline
interpolation. Then this function was used to solve for EUS, (130000, 1, 7 06)

14



for the age 107 retiree. The optimal distribution and asset allocation for
the age 107 retiree (derived by admittedly non-optimal matlab coding) is
shown in the following graph. The graph also shows the estimated optimal
expected utility and c.d.f. of age 107, 108 plus 109 utility (scaled by the
factor (1 4107 p1os +107 plog)_l) along with the same values derived from the
empirical c.d.f. from a 5000 simulation run.

Optimal Distribution and Allocation Strategy for Age 107 Retiree

1.2 Asset Allocation at Age 107 Distribution at age 107.....$77030 B
Lrg/Mid Cap...0% Simulated Expected Utility....$10.43
Small Cap.....0% Estimated Expected Utility....$10.43

Non-US Stck...44%
- Emrg Mkt Stck.31%
Real Est REIT.24%
Fixed Income..0%
Long Term Gov.0%
0.8 High YId Bond.0%

[uy

Non-US Bond...0%
Cash/T-Bills..0%

F(x)

0.6

[— estimate
simulated
| | _

| | | |
10.25 10.3 10.35 10.4 10.45 10.5 10.55 10.6 10.65
C.D.F. for sum of adjusted utility of income ages 107, 108 and 109

0.2

This allocation has an expected return of 10.64% and standard deviation
of 17.18 and is close to being efficient under the Markowitz model as shown
in the following figure. The standard deviation of an efficient portfolio with
the same mean is 16.63 and for the fixed distribution at age 107 of $77,030
both produce the same expected utility of 10.43 suggesting that both are
considered optimal under the tolerances of the coding used for our example.
It is also interesting to note that the allocation is very aggressive indicating
that the retiree is very nearly risk neutral at this wealth level, adopting a
strategy that almost maximizes expected return.
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Plot of Efficient Frontier versus Allocation for Age 107 Retiree
1.13 T T T T T T

11F b

1.08 b

1.07 b

1.06 b

—— Efficient Frontier
x  Retirees Allocation

1.05 | | | | | | I I
0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2

Standard Deviation

4 Conclusion

We have provided an outline of a method for finding an optimal distribution
and investment strategy for an individual retiree and solved the problem
for an individual retiring at age 107 which demonstrates that, in principle,
the problem can be solved for the more interesting case of retirees with much
younger ages. Areas of future research include studying what utility functions
might be more appropriate for a given retiree, allowing the utility function
to vary over time, including joint life models, testing the sensitivity of the
model to asset model parameters, and allowing for uncertainty in asset model
parameters and incorporating this uncertainty into the problem.
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Appendix A - Derivation of Asset Model
Parameters

In this section we show the derivation of the model parameters (EO, (El and

A.

Recall that R, is an n-dimensional column vector whose n-th entry is the

rate of inflation for year beginning at ¢ — 1 and whose i-th entry, for i # n,
is the rate of return on asset class i for the same one-year period and that

Rt = elt
where [; is the n-dimensional column vector

I, = Czo + $1It—1 + XA

17



with X “&* N (0, Id,) (where Id, is the n-dimensional identity matrix).
Assume we know pz , X5 and the regression coefficients for R, p%. Then

we seek (zo, {51 and A in terms of these knowns.
For this model we have ([1])

I ~ N (p,, 21,

where

1
1— 1 (i) 6, ()

( )

Consider the case n = 1, then since /_; is a known constant,

IO = (:b:() + Q:S:II*_% +X0A
I = ¢y + ¢, (Cbo + ¢l +X0A) + XA
7 -2 2 -2 -
=¢o+ G109 + 111 + 9 XoA+ X1 A

o o s
L= oty + 61 11+ X5y XA

. [0 if i # j
and since cov (X;A, X;A) = { Sp =0k ific) (X;A and XA are
ii.d.),

cov (I, Iyyq) =

- —j —t+1 —t—j — =5 —t+2 —t+1—j
cov (305081 + 80 L+ S0y XA, GRS + 8T+ 26 Xa)
A ot1—j
= Z§:0¢1 (o} o ?7

Thus Z = (I, (i), 41 (1)) ~ N (u,, ©7) where

Kz = (:uIt(i) » 1,14 (3) ) '
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and

EIt (ia 2) (14’17(;()'))21” (ia 7’)
Y, = o b
I TS P ) B I ()
(1-30)
12 ,02~ ' #1(4) p% '
(1-510) 7O (1giw) O
= ¢4 (3) 2 1 2

72 NPy T2\ Pya
(=) 7O (1-de) O
Now we know that for ¥ = X where X ~ N (uix, Xx) then ([4])

1
Ky (i) = €xp (MX(i) + 503((1'))

=

Ty = P (“X(i)) <eXP (U§f<z')) [eXP (O'Ef(z') - 1)]>
and
xp [% (‘73(@') + "?X(j))] exp (qu)X(j)UX(i)UX(j) - 1)

[exp <0§((,~)) (exp (Gg((i)) — 1) exp (J?X(j)) (eXp (Ug((j)) _ 1)]%

But by assumption py, toy and Pyi)¥(j) are the known constants. Solv-

PY @)Y (i) =

ing for pux, 0% and then px ) x(; yields
%
tx (i) = log 'u'%}(i) ( 2 j_02 )
Fya) ™ %va

o

log {1+ —{@) if i =
COVX (i)X(j) = ro

P@OIVG) 5, i

log {1+ “?(i)“?(j) pY(i)Y(j)) otherwise

This allows as to solve for qgo, ¢; and A in term of pgz, Yz and the

regression coefficients for R; using the following relationships.
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When ; =5

1
covy(; = = = covy ., =log(1+
A (R AU AT R o
Bo (i) 2 1
pr (1) = = = log | wk
1 (2) 4.0 RG) | 2

and
é
COVI (i) Ty 41 () = # Y() = log
(1-316)

The results are as follows:

0% = (1 i )) log (1 +

gives (when substituted into the last equation)

-1

- o ?2(1')

¢ (1) = [log [ 14+ —— log |1+
HR(i

which gives

G0 (i) = (1 - &, (1)) log (:U’%%(i) (

and when ¢ # j

covgiapy = (181 061 () og (1+

20

Uﬁz(z)

I{(z)

U%zu)
M%z(z')

Ui( )

/'I'R(Z)

1

/ﬁe(i) +to QR(i) )

PRy (i )Rt+1(i))

(¢ )Rt+1(l))

N[

7 R()pR(')R(')>
122:70123:70)) VI



when ¢ = j

72 &0

. 3

iy = (1 _ & (z)) log | 1+ 2@

HR(i)

The only remaining task is to determine the matrix A. But we now
have ¥y and since Y = XA where X ~ N (0,1d,), Y has a joint normal
distribution with covariance matrix ¥; = ATA. Using the singular value

decomposition of
Yp=UxS% vT

where U and V are unitary and S is a diagonal matrix with non-negative
entries and U =V (since Xy is symmetric). This gives us
1
A=(8)zxVT

where the square root is taken component wise.

6.1 Appendix B - Calculations for the Example

In this section we give the details of the equations used to solve the problem
for the age 107 retiree.

6.1.1 Calculations for Age 108 Retiree - Finding EU;g

We give the calculation details for the formation of the problem for an indi-
vidual who retirees at age 108 with wealth wyog, a fixed pension of fbft and
an indexed pension of ¢bft. Assume returns on the various asset classes for
the prior year were 7o7.We assume the fixed and inflation adjusted benefits
are in payment status.

At age 109

EU;y (w, acpi,7) =U (’w + b ft * acpi + fbft)

acpi
since distributing all assets for consumption during the last year of life is the

utility maximizing strategy. Therefore our optimization problem for the age
108 retiree is

~max (U (Dlog + bet + fbft) “+109 P1os * E (U <

D1os,L108

W109 + bet * ACPIlog + fbft
ACPIH)Q
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where B B
Wige = <w108 - D108) * (RIOS * LIOS)
ACPIlog == Rlog (12)
é108 = o8
Is = q_b'O + (EJMW + XA (51;107 is component wise multiplication)
Z107 = log (F107)
Subject to
Diog < wips

2;1:1{_/108 () =1
0< Lis(j) Vj<11

For our calculations we truncated the underlying normal variables at
+3 stds. Let {A; | j =1,m} be a partition of [~3,3]'> where each A4; =
12, [aé-ﬂ-, a;-‘ﬂ-] (so each A; is a product of intervals). Let

2\ W109 + bet * ACPIM)Q + fbft
/ (X) B <U ( ACPI,o ))

Then, letting ® (z) = [ \/LQ?e—ﬁ/Q‘ﬂdt =lerf (%)4—%, the c.d.f. for the
unit normal where erf is the error function, when f is an increasing function

of X;
Filay (8) = V3ert ™ (2 (8 (@ (a,) — @ (ai,)) + @ (ai)) - 1)
and when it is a decreasing function of X;
Fela, (9) = Vet (2(1-9) (8 a5 ~ @ (o)) +@ (o)) - 1)
and
prob (X € A;) =112, (@ (a?,) — @ (a};)) / (2 (3) — @ (-3))"

This gives us all of the pieces needed to estimate,
- m - 1
E (f (X)) ~ Prob (X € Aj) /0 f (F);11|A¢ (8), ---,F)?:\A,- (5)) ds
7j=1
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In summary, our objective function becomes

maxp, z,[U (Dlos +ibft + fbft) +109 P10s * 21 Prob ()? € Aj)
fl U ((w108_DIOS)*(RIOS*EIOS)+ibft*ACP1109+fbft> dﬁ]
0

ACPI09

For the gradient we have

175% (U (DIOS +ibft + fbft) +109 Pros &/ (U (W109+ib122,;1361'$109+fbﬁ))) ~

— ] -1.01
(Dios +ibft+ foft) — +

109P108 -7 Prob (X € AJ’) *
_ ~ _ . —1.01
f _ Ryoa*Lios (w108*D108)*(RIOS*LIOS)’i"‘bft*ACPIlOQ—i_fbft dﬂ
0  ACPIi9 ACPIy09

and
Ty (U (Duos + ibft + [bft) +109 prog * B (U (Moot fCPlont o1t))) ~

100P108 * 27—y Prob (X < AJ’) *
- — . = — - . —1.01
1 (wlos—Dlos)*Rlos(Z) (w108_D108)*(RIOS*L108)+bet*ACPIIOQ+fbft dﬂ
fO ACPI99 ACPIog

and second partials are

192%2108 (U (Dlog +ibft + fbft) +109 Pros & (U (ngﬂbjz*cfllﬂ(;iémﬁfbﬁ))) =

_ ) —2/01
~1.01 (D108 +ibft + fbft) +

m —
109P108 2_j—1 Prob (X € Aj) *
_ L , —2.01
1101 Fros#Lios 2 (’w108*D108)*(R108*L108)+1bft*ACP1109+fbft dp
Jo —1. “ACPLo0 ACPI109

M’m (U (Dws +1ibft + fbft) +109 Pros &/ (U (ng”bﬁg‘ggwﬁf”t») o~

109P108 2_j1 PT 0b <X € Aj) *
—Rio0s(i) ( (wlos—Dlos)*(é1os*ilos)+ibft*ACP1109+fbft) —-L.01 +

1
f 0 [ACPImg ACPI109

o - - ~ B _ — = X —2.01
1-01*R108*LIOS*('WIOS*DIOS)*R108(Z) (w108*D108)*(RIOS*LIOS)+1bft*ACP1109+fbft dﬂ
ACPI},, ACPI09

o ) (U (Dws +abft + fbft) +109 P10 * B (U (ng””ﬁ*éﬁiéwg”bﬁ))) ~

9¥L108(i)9L108 _ .
w108—D108) *R108(4) )

109P108 * 21 Prob ()Z € Aj) * Jy —1.01 (( ACPT109

_ _ . . , —2.01
(wlos—Dlos)*Rms(Z) (wlos—Dlos)*(Rlos*L108)+bet*ACP1109+fbft dﬁ
ACPI g9 ACPI g9
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6.1.2 Calculations for age 107 Retiree

In the analysis we found that the function EUjgg (w, acpi, ) was insensitive
to the prior year return components r, therefore we can treat this as the two
dimensional function EU;gg (w, acpi). This function is derived by interpolat-
ing over a matrix of values determined from the age 108 results. Then the
optimization objective function is

_max (U (D107 +ibft + fbft) +108 Pro7 * E (EU (Wigs, ACPIIOS)))

D1o7,L107

where .
Wies = (w107 - D107) * (R107 * E107)

ACPIy4s = Rygr (12)
Rigr = e
Lig; = $0 + %12106 + XA (515106 is component wise multiplication)
T106 = log (7106)

Subject to

Dio7 < wior
E}1:1{/107 (J)=1
0 < Ligr (j) Vj <11

The partial derivatives are as follows:

ﬁDL;m (U (Dm? +ibft + fbft) +108 Pro7 * B (EU (Wigs, ACPst))) =
(Dior +ibft + fb ft)_lm +

*R‘l *Zl
108P107 * fo1 (( AC?;IlogM) * ﬁV[flOSEU (Wios, ACPI108)> g

and

7@1’;@ (U (Dm? +bft + fbft) +108 Pro7 * F (EU (Agg(}?os))) -
w197—D «(R 7
108P107 * fol (( = A}});)Ilfs ror(9) * 5o— EU (Wlos,ACPI108)> ag

IWios

since only Wigs is a function of D197 and Lqgy.
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