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Abstract. This paper presents the relationships betweensomenumerical methods
suitable for a heterogeneouselliptic equation with application to reservoir simula-
tion. The methods discussedare the classicalmixed �nite element method (MFEM),
the control-v olume mixed �nite element method (CVMFEM), the support operators
method (SOM), the enhancedcell-centered �nite di�erence method (ECCFDM), and
the multi-p oint 
ux-appro ximation (MPFA) control volume method. Thesemethods
are all locally massconservativ e, and handle general irregular grids with anisotropic
and heterogeneousdiscontin uous permeabilit y. In addition to this, the methods have
a common weak contin uit y in the pressure across the edges,which in some cases
corresponds to Lagrange multipliers. It seemsthat this last property is an essential
common qualit y for these methods.

Keyw ords: relationships, mixed �nite element method (MFEM), expanded mixed
�nite element method (EMFEM), enhanced cell-centered �nite di�erence method
(ECCFDM), control-v olume mixed �nite element method (CVMFEM), support op-
erator method (SOM), and multi-p oint 
ux-appro ximation (MPFA) control volume
method.

1. In tro duction

The equation discussedis

� div (K (x )grad p) = g in 
 ; (1)

p(x ) = 0 on @
 ;

where 
 is a bounded horizontal domain in R 2 and K is a symmetric
positive-de�nite tensor.The boundary @
 of 
 is polygonaland convex.
The boundary condition is chosen for simplicit y of exposition, and
does not materially a�ect the discussion. This is to be viewed as a
prototype for the pressureequation in a reservoir simulation setting.
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The components of K are assumedto be bounded, but may be highly
anisotropic and discontinuous, as is typical of subsurfaceformations
with layers, fractures, faults, and so on. Equation (1) can be derived
from mass conservation over a control volume and Darcy's law. The
terminology is adopted from the application in mind; by p we denote
the pressure,K the permeability, and u = � K gradp the Darcy ve-
locity. In a more general setting p would be the potential and K the
mobilit y; thesegeneralizationsare straightforward and omitted to keep
the presentations as clear and simple as possible.

For this application, the discretization methods should also meet
some speci�c demands. Engineers prefer methods that preserve the
mathematical model's local massconservation. We restrict ourselvesto
locally conservative methods, meaning that

� the sum of the 
uxes over each cell's edgesequalsthe accumulation
term (present in transient extensionsof (1)) plus any sourcesor
sinks in the cell, and

� the 
ux is continuous acrosseach edge.

In view of the geological properties discussedabove, the methods of
interest should be suited for

� general irregular grid,

� anisotropic permeability, and

� heterogeneousdiscontinuous permeability.

The methods to be discussedall ful�ll thesecriteria, while for instance
the classicalGalerkin �nite element method is not locally conservative.
In addition we will seethat the relationship betweenthe methods also
dependson a

� weak continuit y in the pressure.

Locally conservative numerical methods for 
o ws in porous me-
dia represent an active research area. Recently the journal Compu-
tational Geosciences published a special issue on the theme, see[1].
All the methods discussedhere were represented in this special issue.
The methods are the classical mixed �nite element (MFEM), that
for instance can be found in [2], the control-v olume mixed �nite ele-
ment method (CVMFEM) [3], the support operator method (SOM)
[4] [5], the enhancedcell-centered �nite di�erence method (ECCFDM)
[6] [7], and the multi-p oint 
ux-appro ximation (MPFA) control volume
method [8, 9, 10, 11, 12, 13]. This is not a completepicture of all gener-
alizations of standard cell-centered �nite di�erences suited for reservoir
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simulation on irregular grids and related situations, but those chosen
can be consideredas representativ e of the most used and discussed
methods. In the special issue cited above, the papers about these or
conceptually similar methods were as follows: CVMFEM [14], SOM
[15], ECCFDM [16], MPFA [11, 17, 18, 19, 20]. The goal here is to
present the relationships between these methods. They are all rather
closelyrelated, even if their original derivations go along quite di�eren t
lines. Initially it may seemthat the methods are built on quite di�eren t
ideas,but the methods can be broken down and shown to be basedon
the samepillars.

The rest of the paper is organized as follows: In Section 3 MFEM
is brie
y presented, and it provides the baseframework within which
we formulate and relate the other methods. The mixed-hybrid �nite
element method (MHFEM) and associated Lagrangemultipliers, which
will prove useful in breaking down the other methods, are also ex-
plained. In the next section the CVMFEM is presented as a perturba-
tion of the classicalMFEM. The underlying eliminated Lagrangemul-
tipliers for this method are also pointed out. In Section 5 a �nite
di�erence method, SOM, is presented. The connection to MFEM and
someof the basic properties of the method are discussed.The method
in Section 6 is an enhancedcell-centered �nite di�erence method (EC-
CFDM) developed from an expanded MFEM (EMFEM). The choice
of approximation space in the EMFEM and the need for Lagrange
multipliers are discussed.For rectangular grids and elementwise con-
stant permeabilities, with a di�eren t choice of approximation space,
the samemethodology usedto derive the �nite di�erence method from
the EMFEM gives rise to the MPFA method. In Section 7 the ideas
behind the MPFA method and this connectionto EMFEM are presen-
ted. In Section 8 a numerical example is shown that illustrates the
good numerical convergenceof these methods. Finally the paper is
summarized.

2. Preliminaries

Let L 2 denote the Lebesguesquare-integrable functions on the domain

 � R 2 with inner product (� ; �). Also let H 1 denotethe Sobolev space
of functions whose�rst-order derivatives are in L 2. For vector-valued
functions v, de�ne

H (div ) = f v 2 (L 2)2 : div v 2 L 2g:
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We introduce the unknown 
uid velocity u which gives the mixed
formulation of equation (1),

u = � K (x ) gradp

div u = g
for p 2 H 1;

for u 2 H (div ):
(2)

The permeability K is a symmetric positive-de�nite tensor, with ele-
mentwise constant components, such that for element E

K E =

 
kE

x kE
xy

kE
xy kE

y

!

:

If f 
 i g are subdomainsof 
 such that
S


 i = 
, n is the outward unit
normal vector on @
 i , and v and p are smooth inside each 
 i , Green's
theorem gives

(grad p;v) =
X

i

Z

@
 i

v � n pds � (div v; p): (3)

When v � n p is continuous acrossthe boundary @
 i , the �rst term on
the right-hand side of equation (3) vanishes.If v is smooth inside each

 i and the normal component of v is continuous acrossthe boundary
@
 i , v 2 H (div ). Likewiseif p is smooth inside each 
 i and continuous
acrossthe boundary @
 i , p 2 H 1. So when v 2 H (div ) and p 2 H 1,
the �rst term on the right-hand side of equation (3) is zero. Then a
weak formulation of equations (2) is the problem of �nding (u ; p) 2
H (div ) � L 2 such that

(K � 1u ; v) � (div v; p) = 0

(div u ; q) = (g; q)

for all v 2 H (div );

for all q 2 L 2:
(4)

Note that (K � 1u ; v) = (p;div v) meansthat gradp = � K � 1u 2 L 2

in a weak sense.So even for discontinuous K and p 2 L 2, the weak
formulation in (4) givesp 2 H 1.

The bilinear form (K � 1� ; �) in (4) will be termed a(� ; �). Let Th
denotea quadrilateral element partition of 
, whereh is the maximum
element diameter. Denote the set of all element edgesof Th by Eh . If
the grid is logically rectangular, then M and N can characterize the
size of the grid such that i = 1; : : : ; M � 1 and j = 1: : : ; N � 1 run
over all the (M � 1)(N � 1) interior nodes.
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3. Mixed Finite Elemen t Metho ds

This method usesboth the velocity and the pressureas primary un-
knowns simultaneously. Thus, unlike �nite di�erence or Galerkin �nite
element methods, MFEM directly represents the velocity with trial
functions. Intuitiv ely, this could improve the accuracyof the approxim-
ate velocity in heterogeneousproblems, becausethe velocity is better-
behaved than either the permeability or the pressuregradient when
K is discontinuous. To our knowledge, there is no rigorous theory
to prove this intuition, but numerical results, e.g. [21] [22], provide
some supporting evidence.Another appeal of MFEM is that it is in
accordancewith the physics of the problem, i.e. local conservation of
massand 
ux continuit y.

Let H (div ) be approximated by a �nite-dimensional spaceV h �
H (div ), and analogouslyL 2 by Qh � L 2. The spacesV h and Qh are
discussedin Section 3.2. The MFEM approximation of (4) is then the
problem of �nding (u mi ; pmi ) 2 V h � Qh � H (div ) � L 2 such that

a(u mi ; v) � (div v; pmi ) = 0

(div u mi ; q) = (g; q)

for all v 2 V h ;

for all q 2 Qh :
(5)

Note that in this discrete setting, the analogueof the �rst term on the
right-hand sideof (3) neednot vanish in the strong sense,becausev � n
is continuousacrossedgesbut pmi is not. Dropping the term

P
e2Eh

R
e v �

n [pmi ] ds from (5), where [ � ] denotesthe jump of a function acrossthe
edge,meansthat the MFEM imposesthe continuit y of pmi acrossedges
in a weak sense.This point will arise repeatedly in discussionsof other
methods.

From a mathematical point of view, MFEM is an establishedmethod
with many well-known estimates on the variables. This includes su-
perconvergencefor both the velocity and pressurein caseof smooth
permeability and a su�cien tly smooth grid; see [23] and [24]. For a
more generalbook on MFEM, see[2]. A relationship betweenMFEM
and cell-centered �nite di�erences, via low-order numerical integration,
was pointed out in [25]. The combination of a well-known framework
and the well-established connection to cell-centered �nite di�erences
makesthe MFEM a suitable referencepoint for the remaining methods
to be consideredin this paper.

The MFEM does not have an explicit 
ux expression,which is a
favorable property when extensionsto multiphase 
o w are to be de-
veloped. This is part of the reasonfor consideringother methods and
can explain the popularit y of other methods with similar behavior.
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3.1. Mixed-Hybrid FEM and La grange Mul tipliers

Another way to write the discreteform (5) is to usethe original form of
Green's theorem, equation (3), drop the assumption that the velocity
space is a subspaceof H (div ), and de�ne a new variable � as the
pressureon the edges,viewed as a Lagrangemultiplier. To ensurethe
neededsmoothnessof the velocity u mi , since normal components are
not necessarilycontinuous acrossedgesin this case,an extra equation
needsto be added to (5). This form of the MFEM is often called the
mixed-hybrid FEM (MHFEM). If [ � ] denotesthe jump acrossan edge,
the problem reads: �nd (u mi ; pmi ; � mi ) 2 V � 1

h � Qh � � h � (L 2)2 �
L 2 � L 2(Eh) such that

a(u mi ; v ) � (div v; pmi ) +
X

e2Eh

Z

e
[v � n ]� mi ds = 0

(div u mi ; q) = (g; q)
X

e2Eh

Z

e
[u mi � n ]� ds = 0

for all v 2 V � 1
h ;

for all q 2 Qh ;

for all � 2 � h :

This does not change the solution (u mi ; pmi ), as easily can be shown.
By V � 1

h we mean a spacethat doesnot require the continuous normal
component of V h, so V � 1

h is part of (L 2)2. The space� h is de�ned in
the next subsection.

3.2. Rect angular and Quadrila teral Element Spaces

The element spacesV h and Qh cannot bechosenindependently of each
other and they are supposed to satisfy a discrete inf-sup condition,
known as the Babu �ska-Brezzi condition ,

sup
v2 V h

(q; div v)
kvkH (div )

� � kqk for all q 2Qh ; (6)

where � > 0 is independent of h and k � k denotes the L 2 norm. In
addition, we assumethat

kvkH (div ) � ckvk for all v 2 Zh = f v 2 V h : (div v; q) = 0; q 2 Qhg:
(7)

The conditions (6) and (7) are important tools in analysis of MFEM
and are necessaryto ensurestabilit y. One possiblechoice for V h and
Qh is the lowest-order Raviart-Thomas element, denoted by RT 0 [26].
For rectangular elements this can be de�ned as

RT 0;r (E) := (P0(E) + P0(E)x) � (P0(E) + P0(E)y);
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with P0 a polynomial of order zero; this gives

V h;r := f v 2 H (div ) : v jE 2 RT 0;r (E); E 2 Thg

and
Qh;r = Qh := f q 2 L 2 : qjE 2 P0(E); E 2 Thg:

The Lagrangemultiplier spaceon the edgesis

� h;r = � h := f � 2 L 2(Eh) : � je 2 P0(e); e 2 Ehg:

The velocity spacehascontinuousnormal component acrosseach edge,
and in the piecewise-constant pressure space the characteristic test
function of each cell enforceslocal massconservation on that cell.

For the geologically irregular subsurfaceapplications in mind, the
grids may need to have general convex quadrilateral elements. The
Raviart-Thomas spaceover quadrilateral elements is de�ned with help
of a referencesquareelement Ê . For any element E 2 Th , F E : Ê � ! E
is an invertible bilinear mapping. Let D be the Jacobian matrix and
J the Jacobian. Let x i = (x i ; yi ), i = 1; 2; 3; 4; be the four vertices of
element E in a counterclockwisedirection. If x̂ 1 = (0; 0)T , x̂ 2 = (1; 0)T ,
x̂ 3 = (1; 1)T , and x̂ 4 = (0; 1)T , then

F E (x̂; ŷ) = x 1 + x 21x̂ + x 41ŷ + (x 32 � x 41)x̂ŷ

for x ij = x i � x j . Scalar functions transform from Ê to E in the
obvious way, but vector functions require the Piola transform P E

that preservesnormal components (
uxes), enabling V h � H (div ) [2].
This is de�ned by

u = PE û =
1
J

D û :

The lowest-orderRaviart-Thomas element over a quadrilateral is de�ned
by

V h = RT 0 := f v(x ) = PE v̂ � (F E )� 1(x ) : v̂ 2 V h;r g:

The de�nition of Qh and � h is the sameon a quadrilateral grid as on
rectangular grids.

Somemore care has to be taken when working with quadrilateral
elements compared to triangular or rectangular elements. This is due
to the fact that the Jacobian of F E , J , is not constant. This meansfor
instance that div(V h) 6� Qh . In [23] both stabilit y and the conditions
(6) and (7) are shown for MFEM with the above de�nition of V h and
Qh on quadrilateral elements. It should alsobe noted that theseresults
apply only to the two-dimensional(2D) case,in which RT 0 as de�ned
herecontains the constant vector �elds and thereforepassesthe \patc h
test" [27]. For analogous hexahedral elements (trilinear images of a
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referencecube) in R 3, the Piola-transformed RT 0 does not contain
the constant vectors, so that the theoretical situation is uncertain [14].

3.3. K and K � 1 Methods

This subsectiondivides the methods consideredin this paper into two
classes,as discussedin [28]. As seenin the weak form (4), if we let f
denote the Darcy 
ux vector, the MFEM essentially reducesDarcy's
law to a relationship of the form

K � 1f = � � p; (8)

where � p denotes a pressuredi�erence. K � 1 appears discretely as a
massmatrix, sothat a combination of 
uxes equalsa pressuredrop. We
therefore considerMFEM to belongto the classof \ K � 1 methods," in
which there areexplicit expressionsfor pressuredrops in terms of 
uxes,
but not conversely. The methods discussedin Sections4 (CVMFEM)
and 5 (SOM) are also of this type. When K is discontinuous in 1D,
the standard harmonic mean (see(25)) follows easily from numerical
integration in K � 1 methods.

The alternative perspective of \ K methods" is basedon

f = � K � p; (9)

instead of (8), with a combination of pressuredrops equaling a 
ux.
This type is represented in Sections 6 (EMFEM, ECCFDM) and 7
(MPFA). With explicit 
ux expressionsin terms of pressures,the K
methods are more easily viewed as extensionsof standard cell-centered
�nite-di�erence or �nite-v olume methods, and henceare more compat-
ible with traditional codesand solvers than K � 1 methods are. On the
other hand, K methods may require enhancement to recover the 1D
harmonic meanand attain optimal-order accuracy(ECCFDM), or may
besubject to tighter constraints on geometryand anisotropy than K � 1

methods in order to maintain monotonicity and stabilit y (MPFA, [19],
[29]).

One can consider relating the two classesof methods by inverting
K � 1 in (8) to obtain (9). For MFEM/CVMFEM and the MPFA O-
method on a uniform 2D grid of parallelograms,this wasdonein [28]. To
make the K of (9) sparse,K � 1 waspartially lumped and incompletely
inverted. The comparisonsuggestedthat the methodswould di�er more
with increasingaspect ratio or non-orthogonality. This is qualitativ ely
consistent with the results of [29] and the theoretical optimal-order
convergenceof MFEM on parallelogram grids [2]. We do not pursue
this inversion approach further in this paper.
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Figure 1. Cells, unknowns, and control volumes for rectangular CVMFEM

4. Con trol Volume Mixed Finite Elemen t Metho d

The Control Volume Mixed Finite Element Method (CVMFEM) can
be consideredas both a control volume method, and as a mixed �nite
element method. The �rst presentation of the method, given in [3], de-
scribesit asa control volume method in an integral setting. We present
this brie
y here for a rectangular grid. The pressureequation, and the
pressuretrial and test spaceQh , are the sameas for the rectangular
MFEM in Section 3.2. The velocity trial spaceRT 0;r is also the same,
but the velocity test spaceis di�eren t. Assume (for this rectangular
case) that K is a diagonal tensor, and write the x-component of the
Darcy equation in (2) in the form

k� 1
x ux +

@p
@x

= 0; (10)

where u = (ux ; uy). Integrate (10) over the control volume Q i +1 =2;j =
(x i ; x i +1 )� (yj � 1=2; yj +1 =2), asdepicted in Figure 1. This is equivalent to
integrating the scalarproduct of the Darcy equation with the piecewise-
constant test function

v i +1 =2;j (x ) =

(
(1; 0) if x 2 Qi +1 =2;j ;
(0; 0) if x =2 Qi +1 =2;j :

(11)

Integrating out the x-derivative of p, we obtain

(K � 1u cm ; v i +1 =2;j ) +
Z yj +1 =2

yj � 1=2

(pcm (x i +1 ; y) � pcm(x i ; y)) dy = 0: (12)

In an analogous manner, for volume Qi;j +1 =2 in Figure 1 and test
function

v i;j +1 =2(x ) =

(
(0; 1) if x 2 Qi;j +1 =2;
(0; 0) if x =2 Qi;j +1 =2;

(13)
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we have

(K � 1u cm ; v i;j +1 =2) +
Z x i +1 =2

x i � 1=2

(pcm(x; yj +1 ) � pcm(x; yj )) dx = 0: (14)

In (12) and (14), we have discrete forms of Darcy's law on velocity con-
trol volumes,relating the velocity u to the pressuredi�erence between
the two ends.The pressuredi�erence results from integrating out the
pressurederivative, analogousto the integration by parts in Section 3
that obtains � (div v; pmi ) from (v; gradpmi ). The analogueof div v is
a � -distribution on two opposite edgesof Q i +1 =2;j or Qi;j +1 =2.

Since the connection to mixed �nite element methods �ts better
with the setting here, see[30], this approach will be used.The velocity
test function can be viewed as belonging to the image of a mapping
from RT 0;r onto a new space

Y h = f (vx ; vy) : vx is piecewiseconstant on volumesQi +1 =2;j ;

vy is piecewiseconstant on volumesQi;j +1 =2g:

The mapping 
 h : V h � ! Y h preserves 
uxes acrossedges,i.e.,


 h(v) =
X

i;j

[vx (x i +1 =2; yj )v i +1 =2;j + vy(x i ; yj +1 =2)v i;j +1 =2]; (15)

where v = (vx ; vy). To obtain the p integrals in (12) and (14) from a
bilinear form, the appropriate analogueof (div v; pmi ) is

b(v ; p) =
X

i;j

"

vx (x i +1 =2; yj )
Z yj +1 =2

yj � 1=2

(p(x i ; y) � p(x i +1 ; y)) dy

+ vy(x i ; yj +1 =2)
Z x i +1 =2

x i � 1=2

(p(x; yj ) � p(x; yj +1 )) dx

#

:(16)

Then the CVMFEM is to �nd (u cm ; pcm) 2 V h;r � Qh;r � H (div ) � L 2

such that

a(u cm ; 
 hv) � b(
 hv; pcm) = 0

(div u cm ; q) = (g; q)

for all v 2 V h ;

for all q 2 Qh :
(17)

The de�nition of the CVMFEM on quadrilaterals is a generalization
of the above development. Figure 2 shows the support Q i +1 =2;j of
the test function v i +1 =2;j analogous to the one in (11). This is the
union of two cell halves, Qi +1 =4;j = F E

i;j ([ 1
2 ; 1] � [0; 1]) and Qi +3 =4;j =

F E
i+1 ;j ([0; 1

2 ] � [0; 1]), in the notation of Section 3.2. The corresponding
basis test function is de�ned by

v i +1 =2;j

�
F E

i;j (x̂; ŷ)
�

=
1

J i;j (x̂; ŷ)
(D E

i;j (x̂; ŷ))
�

1
0

�
;
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i+1/2,j
e

i,jE

.

Q
i,j+1/2

i+1,jE

Figure 2. Two adjacent gridcells, and the area of support for the velocity function,
Qi;j +1 =2

for 1
2 � x̂ � 1; 0 � ŷ � 1; and

v i +1 =2;j

�
F E

i+1 ;j (x̂; ŷ)
�

=
1

J i +1 ;j (x̂; ŷ)
(D E

i+1 ;j (x̂; ŷ))
�

1
0

�
;

for 0 � x̂ � 1
2 ; 0 � ŷ � 1: The crucial analogueof integration by parts

is

Z

Q i +1 =2;j

gradp � v i +1 =2;j dx dy

=
Z

Q i +1 =4;j

1
J i;j (x̂; ŷ)

�
@p
@x

@p
@y

�
�
�

@x
@̂x

@y
@̂x

� T
�
�
�
�
Q i +1 =4;j

dx dy

+
Z

Q i +3 =4;j

1
J i +1 ;j (x̂; ŷ)

�
@p
@x

@p
@y

�
�
�

@x
@̂x

@y
@̂x

� T
�
�
�
�
Q i +3 =4;j

dx dy

=
Z 1

0

Z 1

1=2

@p
@̂x

�
�
�
�
Q i +1 =4;j

dx̂ dŷ +
Z 1

0

Z 1=2

0

@p
@̂x

�
�
�
�
Q i +3 =4;j

dx̂ dŷ

=
Z 1

0
( pj x̂=1 � pjx̂=1 =2)

�
�
�
Q i +1 =4;j

dŷ +
Z 1

0
( pjx̂=1 =2 � pjx̂=0 )

�
�
�
Q i +3 =4;j

dŷ

=
Z 1

0
pjx̂=1 =2 dŷ

�
�
�
Q i +3 =4;j

�
Z 1

0
pjx̂=1 =2 dŷ

�
�
�
Q i +1 =4;j

� pi +1 ;j � pi;j ; (18)

wherewe note the cancellation of p at the edgeei +1 =2;j betweenthe two
halvesof Qi +1 =2;j . This is equivalent to an elimination of the Lagrange
multipliers of Section3.1 and will be related to corresponding develop-
ments in other methods. In e�ect, a weakcontinuit y in the pressurehas
beenobtained via the choiceof test function, such that

R
ei +1 =2;j

[p] ds = 0
in (18).
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5. The Supp ort Op erator Metho d

The Support Operator Method, SOM [31], is used to give a �nite
di�erence-like approximation. The key is the approximation of the
operators div and � K grad, and the adjoint relationship of theseoper-
ators and their approximations in suitable continuousand discreteinner
products. In [31] the parabolic caseis solved, with an additional time-
dependent term that is discretizedby a backward �nite di�erence. The
conservation equation and Darcy's law are approximated separately, as
for the rest of the methods discussedin this paper. A well-conditioned
massmatrix is derived by eliminating the pressureto obtain an equa-
tion in the discrete 
ux. The method from [31] is expanded in [5] to
cover a full permeability tensor.

The elliptic casewill be described here.The discreteSOM is de�ned
via the operators D and G, respectively analoguesof div and � K grad,
as

u so = Gpso;

Du so = G:
(19)

SOM is outlined here directly in the discrete spaces,with details in
Appendix A. The discretescalar(pressure)function spaceis termed HC
and is cell-centered, and HS denotesthe discrete edge-centered vector
(velocity) space,whosefunctions are evaluated via normal components
(
uxes). For each discrete space,two inner products are de�ned. The
�rst, the natural inner product, is a discrete analogueof the L 2 in-
ner product for the scalar functions and of the energy inner product,
a(�; �) = (K � 1�; �), for vector functions. For HC, this is

(p;q)HC =
X

E 2T h

pE qE AE ;

where AE is the area of the element E and pE ; qE are the discrete
cell-centered function valuesin E. For HS, it is

(A ; B )HS =
X

E 2T h

X

v
(A ; B )E

v AE
v ;

where v runs over the vertices of E , AE
v is an area such that

P
v AE

v =
AE , and (A ; B )E

v is a discrete vector multiplication that includes the
permeability. For details, and the second formal inner products for
each space, see Appendix A. The main assumption from which the
operators are derived is the existenceof an adjoint operator D � such
that

(Du ; p)HC = (u ; D � p)HS : (20)
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The key is that D � equalsG, the approximation of � K grad, so that
equation (20) can be consideredas an approximation of

Z



div u pdx = �

Z



(K � 1u)T K gradpdx = �

Z



u gradpdx ;

interpreting (�; �)HC and (�; �)HS as numerical integrations.
In relation to the classical MFEM, this is analogousto dropping

the term
P

e2Eh

R
e v � n [pmi ] ds from the integration by parts that leads

to (5). In the CVMFEM, the corresponding term is dropped by the
cancellation of edge pressuresin the derivation (18), which is that
method's equivalent of integration by parts. In the SOM, (20) states
that the operatorsand inner products arede�ned such that the dropped
term doesnot arise. All of theseformulations therefore imposea weak
continuit y on the pressure,and in the framework of the MHFEM, they
set the Lagrangemultiplier term to be zero.

5.1. The Suppor t Opera tor Method
Derived fr om Mixed Finite Element Method

Instead of deriving SOM as in [31], one can start from the MFEM
formulation with the lowest-order Raviart-Thomas elements and nu-
merical integration. In [4], this relationship to MFEM is usedto prove
convergenceof SOM in the caseof smooth permeability. The numerical
integration can be formulated as a perturbation ah(�; �) of a(�; �). The
�rst equation of (19) is actually de�ned in terms of operators S, D 0

and M , such that u so = Gpso is written as Su so = D0M pso, where
G= S� 1D0M ; seeAppendix A for details. D0 approximates grad and is
the adjoint of D in the formal inner product, while S and M approx-
imate K � 1 and the identit y, respectively, and both contain geometric
factors that transform betweenthe natural and formal inner products.
Note that SOM does not o�er an explicit discrete velocity (or 
ux)
expression;the inversion of S givesa non-local 
ux approximation.

De�ne the subspacesV x
h and V y

h of V h associated with the logically
vertical x-edges(i + 1=2; j ) and the logically horizontal y-edges(i; j +
1=2), respectively, of Th. The SOM can be formulated as follows: �nd
(u so; pso) 2 V h � Qh such that

ah(u so; v x ) + (pso; div vx ) = 0

ah(u so; vy) + (pso; div vy) = 0

(div u so; q) = (g; q)

for all v x 2 V x
h ;

for all v y 2 V y
h ;

for all q 2 Qh ;

(21)

where the two �rst equationscorrespond to Su so = D0M pso. Next, we
evaluate Su so.
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The numerical integration formula for one element E is

ah(u ; v )jE =
1X

k;l=0

AE
kl (u

T K � 1v)E
kl : (22)

In (22), the vertices kl are indexed 00, 10, 11, and 01 in the counter-
clockwise direction from the lower left. The weight A E

kl is one half of
the area of the triangle in element E that contains the vertex kl ; e.g.,
AE

00 is one half of the area of the triangle with vertices 00, 10, and
01, or equivalently, the area of the quadrilateral with corners at 00,
at the midpoints of the two edgesof E that meet at 00, and at the
intersection of the two diagonals of E . A vector function u E

kl at the
vertex kl is described by its normal components u� k and u� l acrossthe
logically vertical and horizontal edgesthat meet at kl ; becauseRT 0
functions have constant normal components along the edges,such a
function can equivalently be evaluated as a vector at the vertex or
componentwise at the midpoints of the two side edges.We make the
latter choiceand considerthe two edgesasa local logical � � coordinate
system. The transform to the physical xy coordinate system can be
described by

(u )� � = G(u)xy ;

where G contains the unit vectors normal to the physical edges.That
is,

(u )� � =

 
u�
u�

!

=

 
(u )xy � n �

(u )xy � n �

!

:

In particular, in (22) this yields

(u T K � 1v)xy = u T
� � (G � 1)T K � 1G � 1v � � = u T

� � T v � � :

The transformation matrices G and T are described further in Ap-
pendix A. If wenow usethe numerical integration (22) with the Raviart-
Thomas elements in equation (21) for onebasistest function v x 2 V h ,
associated to x-edge(i � 1=2; j ),

ah(u so; vx ) = ah(u so; vx )jE i � 1;j + ah(u so; vx )jE i;j

=
1X

m=0

1X

k;l=0

A i � m;j
kl

 
u� i � m;j

k

u� i � m;j
l

! T

T i � m;j

 
v� i � m;j

k

v� i � m;j
l

!

=
1X

k;l=0

A i � k;j
kl

 
u� i � k;j

k

u� i � k;j
l

! T

T i � k;j

 
v� i � k;j

k
0

!

:

SeeFigure 3 for an illustration of the resulting 
ux molecule.Similarly,
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kl=01kl=11

kl=10 kl=00

iji-1,j

Figure 3. The resulting 
ux molecule for ah (u so ; v x ), when v x has support in E i;j

and E i � 1;j . This is equivalent to the �rst vector component of (Su) ij .

the numerical integration with basis test function v y associated with
y-edge(i; j � 1=2) becomes

ah(u so; vy) =
1X

k;l=0

A i;j � l
kl

 
u� i;j � l

k

u� i;j � l
l

! T

T i;j � l

 
0

v� i;j � l
l

!

:

This completesthe evaluation of Su so.
As Figure 3 shows, the 
ux molecule for edge(i � 1=2; j ) contains

no other vertical edgessuch as (i + 1=2; j ), unlike the MFEM and
CVMFEM. This is due to the vertex-basednumerical integration (22),
which is akin to a trap ezoidalrule. This suggeststhat the SOM is close
to a MFEM or CVMFEM with a diagonalized(\lump ed") massmatrix.
It is not precisely that, however. The integration of Piola-transformed
RT 0 functions in MFEM or CVMFEM places the logical center of
a quadrilateral at F E (1=2; 1=2), which is the intersection of the two
segments that join the midpoints of opposite edges.For SOM, asnoted
above, the analogous point is the intersection of the two diagonals,
which is di�eren t in general.

Next, the �rst vector component of D0M pso is equal to

(div vx ; p) = pi � 1;j

Z

E i � 1;j

div vx dx + pij

Z

E ij

div vx dx

= pi � 1;j

0

@
X

e2 E i � 1;j

Z

e
vx � n e ds

1

A + pij

0

@
X

e2 E ij

Z

e
vx � n e ds

1

A

= (pi � 1;j � pi;j )jhx ij j:

The secondcomponent of D0M pso is similar in the j -direction. This
development is analogousto the CVMFEM integration by parts in (18),
and can be viewed as imposing weak continuit y of the pressurein the
context of SOM.

Finally, applying the discrete divergenceoperator D is equivalent
to integrating the divergenceof u multiplied by the test function q =
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� E 2 Qh divided by the the area jE ij j of the element,

(div u ; qij ) =
Z

E ij

div u dx =
X

e2 E ij

Z

e
(u � n e)ds = (Du) ij jE j ij :

The term G from equation (19) is equal to gij , which corresponds to
(g; qij ) approximated by gij jE ij j and then divided by jE ij j.

6. The Expanded Mixed Finite Elemen t Metho d

In [6] and [7] an expanded mixed �nite element approximation, EM-
FEM, is discussed.The negativegradient of the pressure,~u = � gradp 2
(L 2)2, is introduced as a new variable. With the new variable equation
(1) is now written as

u = K (x ) ~u
~u = � gradp;

div u = g:

After writing the above equation in a weakform and approximating the
continuous spaces,the EMFEM is: �nd (u ex; ~u ex; pex) 2 V h � ~V h �
Qh � H (div ) � (L 2)2 � L 2 such that

(u ex; ~v) � (K ~u ex; ~v) = 0

( ~u ex; v) � (pex; div v) = 0

(div u ex; q) = (g; q)

for all ~v 2 ~V h ;

for all v 2 V h ;

for all q 2 Qh :

(23)

The motivation for this formulation is its easier reducibilit y to a �-
nite di�erence method that contains an explicit 
ux approximation
involving K . This is easier than in the MFEM becauseK appears
directly in the equations. In the MFEM, the matrix representation
of the K � 1 term is sparse,with a full inverse matrix, and the 
ux
approximation couples the entire grid unless a further reduction is
made.

In [6] K is assumedsmooth, and existenceand uniquenessis proved
for (u ex; ~u ex; pex). A superconvergenceresult is proved under certain
conditions. Also, if ~u ex 2 ~V h implies that K ~u ex 2 ~V h and if V h � ~V h ,
then the solution (u ex; pex) equals the MFEM solution (u mi ; pmi ). To
seethis, let ~P denote the L 2-projection into ~V h; then from the �rst
equation in (23), u ex = ~PK ~u ex = K ~u ex pointwise,and K � 1u ex = ~uex
can again be usedin the secondequation in (23) to recover the classical
MFEM. This implication typically holds in the caseof an orthogonal
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Figure 4. Computational molecule for CCFDM in the reference space, showing p
(solid dots), u (open circles), ~u (crosses),and the evaluation of K (boxesat vertices).

grid with elementwise-constant diagonal permeability tensor. If the
functions in ~V h have continuous 
ux, then the implication requires
K to be a global constant, not merely elementwise. This will be the
situation in the next subsection.

6.1. Enhanced Cell-Centered Finite Difference Method

A cell-centered �nite di�erence method, CCFDM, is the next step. The
sourcefor this method is the EMFEM from equation (23), with a spe-
ci�c choiceof approximation spacesand numerical integration. V h and
Qh are chosento be the RT 0 spacesfrom Section 3.2, ~V h is chosento
be equal to V h , and numerical integration is as in [25] (trap ezoidalrule
in x and midpoint rule in y for the x-direction terms of vector integrals,
the reversefor y-direction terms, and midpoint rule in both coordinates
for scalarintegrals). The advantagesof this choicefor ~V h arean explicit

ux expressionwith a nice computational molecule,consisting of nine
points in 2D and 19 points in 3D, and a symmetric massmatrix. Before
numerical integration, the grid is mapped to an orthogonal reference
space.Let J denote the Jacobian and D the Jacobian matrix of this
mapping. Letting G = JD � T D � 1, [7] uses~u = � G � 1 gradp, with test
functions G ~v instead of ~v. This givesan analogueof the permeability,

K = JD � 1K D � T ; (24)

in the referencespace.The resulting footprin t of the CCFDM molecule
is visualized in the referencespacein Figure 4.

As long as K is continuous, the CCFDM performs well, and the
choice of continuous-
ux ~V h = RT 0 does not causea problem. How-
ever, for discontinuousK, it is not possibleto have a continuousnormal
component for both ~̂u and û = K ~̂u , where the hat marks the trans-
formed quantities in the referencespace. The e�ect of ~V h = RT 0
on the accuracy of the method for discontinuous permeability can be
illustrated in the caseof an orthogonal grid and a diagonalpermeability,
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which is equivalent to the 1D situation in each direction. In 1D the
permeability reduces to a scalar function k i in cell i . Consider two
neighboring cellsi and i + 1, with lengthsh i and hi +1 and permeabilities
ki and ki +1 , separatedby edgei + 1=2. The �rst two equationsof (23)
turn into

(hi + hi +1 )ui +1 =2 = (ki hi + ki +1 hi +1 )~ui +1 =2;
1
2

(hi + hi +1 )~ui +1 =2 = � (pi +1 � pi ):

Elimination of ~ui +1 =2 then yields, not the harmonic mean of the per-
meability, but rather

ui +1 =2 = �
hi ki + hi +1 ki +1

1=2(hi + hi +1 )2 (pi +1 � pi )

acrossthe edgei + 1=2. For the classicalcell-centered FDM in 1D it is
known that the order of convergenceis reducedif the arithmetic mean
is used instead of harmonic mean; seeSamarskij [32].

The harmonic mean in 1D can be derived from assumptions of
continuous velocity, continuous pressure,and a pointwise Darcy law
([33], p. 83). In this case, the \edge" between two cells is a point,
and weak continuit y of the pressureis the sameas strong continuit y.
Thus, the CCFDM lacks the weak pressure continuit y exhibited by
MFEM, CVMFEM, and SOM. In the 2D CCFDM, this weakcontinuit y
is restoredby incorporating Lagrangemultipliers along the edgesof all
discontinuit y lines. This partial hybridization of the method, analogous
to the outline in Section 3.1, is called Enhanced Cell-Centered Finite
Di�erences (ECCFDM), and canbefound in [7]. To seethe e�ect of this
modi�cation in a simpli�ed setting, recall the 1D example,and instead
of enforcing weak continuit y of the pressurewith Lagrangemultipliers
choose~u 2 RT � 1

0 . The superscript � 1 denotesa discontinuous normal
velocity component, producing twice asmany basisfunctions. With the
samenumerical integration, the harmonic mean in 1D is recovered as
follows. If ~u�

i +1 =2 and ~u+
i+1 =2 denotethe discretevaluesin cell i and i + 1,

respectively, the two �rst equationsof (23) now become

ui +1 =2 = ki ~u�
i +1 =2;

ui +1 =2 = ki +1 ~u+
i+1 =2; and

hi

2
~u�

i +1 =2 +
hi +1

2
~u+

i+1 =2 = � (pi +1 � pi );

so that elimination of ~u�
i +1 =2 and ~u+

i+1 =2 yields

ui +1 =2 = �
2ki ki +1

hi ki + hi +1 ki +1
(pi +1 � pi ): (25)
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Figure 5. Facsimile from [7] of an example demonstrating the need for Lagrange
multipliers in light of convergenceproperties. Figure 10.3 shows the grid, and Table
10.1 comparesthe results from MFEM and the CCFDM with and without Lagrange
multipliers. CCFDM with Lagrange multipliers is termed Enhanced cell-centered
FDM (ECCFDM).

In a series of examples in [7], the authors show similarly that the
convergencerate of the method is reduced if Lagrange multipliers are
omitted. Figure 5 depicts a facsimile of one of the examplesfrom [7].

From these examples,the prototypical 1D example, and the prop-
erties of the previously consideredmethods, the following hypothesis
emerges.

OBSERVATION 1. Weak continuity in the pressure is related to the
rate of convergence across a discontinuity in the media.

Weak continuit y in the pressure in addition to 
ux continuit y can
be consideredas a 2D or 3D analogue of the harmonic mean of the
permeability in 1D. The other methods discussedin this paper will
reduceto the FDM with harmonic mean in 1D, if the trap ezoidal rule
is usedon the integrals.

If the Lagrangemultipliers are to be avoided in the EMFEM, di�er-
ent approximation spacesare neededfor ~u when K is discontinuous.
The 1D examplesuggestsusing ~V h = RT � 1

0 instead of RT 0. Then the
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EMFEM is: �nd (u h ; ~u h ; ph) 2 RT 0 � RT � 1
0 � Qh such that

(u h; ~v) � (K ~u h ; ~v) = 0

( ~u h ; v) � (ph ; div v) = 0

(div u h ; q) = (g; q)

for all ~v 2 RT � 1
0 ;

for all v 2 RT 0;

for all q 2 Qh :

(26)

Now the trap ezoidal rule gives the harmonic mean on an orthogonal
grid with diagonal K . For an arbitrary elementwise-constant tensor
K on an orthogonal grid, it is not possible to eliminate ~u h and �nd
a �nite di�erence expression in u h and ph . One way to circumvent
this problem is to split the 
ux equation for each edgeinto two equal
parts, and then eliminate ~u for the four half-edgesmeeting at one
cell vertex. To obtain the samenumber of unknowns as equations, the
unknowns u h and ~u h must also be split for each edge.The resulting
equation coincides with the multi-p oint 
ux-appro ximation (MPFA)
O-method, derived along quite di�eren t lines in the next section. The
underlying principle of MPFA is a control-v olume method in which the

ux approximation assumescontinuous 
ux and a weaker continuit y in
the pressure.Thus, MPFA sharesmany of the important properties of
the other MFEM-related methods.

7. The Multi-P oin t Flux Appro ximation Con trol Volume
Metho d

Multi-p oint 
ux approximation (MPFA) uses more than two points
in the 
ux approximation, as the name indicates, in a control-v olume
formulation. The MPFA methodology includes choicesof parameters,
and can be consideredas a classof methods in the sameway as the
MFEM. MPFA methods are further described in [8, 9, 10, 11, 12, 13].
They are generalizationsof the more classical�nite volume or control
volume method, in which two points approximate the 
ux, using the
harmonic mean of discontinuous permeabilities as in the last section.
Continuit y of the pressureand the 
ux underlies both the harmonic
mean and the generalizationsto MPFA.

The classical�nite volume method reads:
X

e2 E

f e =
Z

E
gdx for all E 2 Th ;

f e = te(pe� � pe+ ) for all e 2 Eh :

The coe�cien t te is often called the transmissibilit y for the edgee,
and pe� are the pressuresin the cells on either side of the edge.The
pressure in cell k is associated with a grid point x k , preferably the
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Figure 6. (i ) Computational molecule for MPFA, showing nine grid cells (solid lines;
large cell-centered dots denote cell pressures)and four interaction regions (dashed
lines). Edge pressures(smaller �lled dots) are eliminated to obtain transmissibilities.
Fluxes (open circles) are calculated for each sub-edge (half-edge). (ii ) One grid
cell, divided into four sub-cells. Grid-p oint and edge-point labels are for lower-right
(shaded) interaction region; m(k) = k � 1 unless k = 1, m(1) = 4. (iii ) One
interaction region.

centroid. To begin the generalization to MPFA, choosean edgepoint
�x i for each cell edge i . Around each vertex, draw a closed polygon
joining the grid points x k and the edge points �x i ; this de�nes the
in teraction regions . Each edgepoint divides its edgeinto two parts,
called sub-edges ; similarly each cell is divided into four sub-cells .
Figure 6 illustrates the details, as in [11]. If instead one edgepoint is
chosenfor each sub-edge,i.e., two edgepoints for each edge,the method
of [12] is obtained.

The MPFA O-method will be described here. The 
ux over a sub-
edgeis approximated by a weighted sum of the pressuresat the four
grid points in an interaction region:

f i =
4X

k=1

tkpk for the sub-edgei; (27)

where counterclockwise is taken to be the positive 
ux direction. The
interaction region is usedto determine the transmissibilities t k locally.
Details of the derivation of the transmissibilit y coe�cien ts are given in
[8], and we summarizethem here.Allow the pressureto bea linear (not
bilinear) function in each of the four sub-cellsof the interaction region,
for a total of 12 degreesof freedom. In each sub-cell, the three pres-
suresat the grid point and the two edgepoints determine the pressure
function, and by Darcy's law they also determine the 
ux (a constant
vector on each sub-cell). The degreesof freedom are not su�cien t to
obtain continuit y in both the pressureand the 
ux, so that weaker
continuit y is imposedon the discrete pressure.The 12 constraints are
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the pressuresat the four grid points, pressurecontinuit y at the four
edgepoints (this choice motivates the name of the O-method, because
of the shape of the polylines connecting the grid points in the 
ux
molecule), and 
ux continuit y at the four sub-edges.

With cellwise constant permeability, the linear pressure yields a
constant normal 
ux component on each sub-edge,so that the 
ux
is continuous pointwise, as in the MFEM, CVMFEM, SOM, and EC-
CFDM. In general, the weak continuit y of p is not equivalent to that
of the other methods. If two edgepoints are chosenon each edge,at
the midpoint of each sub-edge[12] [13], then we have

R
ei

[p]ds = 0
on each edgedue to linearity and continuit y at the midpoint. This is
analogousto the situation with MFEM and the other methods, but
applied to sub-edgesinstead of edges.In the MPFA O-method under
considerationhere, the edgepoint is at oneend of the sub-edge,sothatR

ei
[p]ds = 0 neednot hold.
To completethe description of MPFA, we will now give more details

of the transmissibilit y derivation. The 
ux through each sub-edgeis
found from the assumptionsof Darcy's law and linear pressurein each
sub-cellof the interaction region.Denotethesesub-cellsby k = 1; : : : ; 4,
and similarly denote the local sub-edgesin the interaction region i =
1; : : : ; 4, as in Figure 6-(iii ). Proceedingcounterclockwise in the �gure,
denote the edge point preceding grid point x k by �x m(k) ; seeFigure
6-(ii ). Then m(k) = k � 1 unless k = 1, and m(1) = 4. Henceforth,
for convenience,ignore the exception in the notation, and write �x k and
�x k� 1 for the edgepoints of sub-cell k. Let n i be a unit normal vector
on sub-edgei , pointing out of sub-cell i (counterclockwise in Figure 6-
(iii )). Let f ik be the 
ux through sub-edgei , out of sub-cell k if i = k,
and into sub-cell k if i = k � 1. Then Darcy's law yields

f ik = � n T
i K k grad(p)jei j: (28)

The next step is to determinegrad(p) from the linear pressurevariation
between the grid point x k and the two edge points �x k and �x k� 1 of
sub-cell k; seeFigure 6-(ii ). Details can be found in [11], p. 410.

For each sub-cell k

grad(p) � ( �x k � x k ) = �pk � pk ;

grad(p) � ( �x k� 1 � x k ) = �pk� 1 � pk ;
(29)

where �pk = p( �x k ), pk = p(x k). From this expression the discrete
gradient on sub-cell k can be written as

grad(p) =
1

Tk

1X

l=0

( �x k� 1+ l � x k )? ( �pk� l � pk); (30)
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whereTk is equal to twice the areaof the triangle spannedby the points
x k , �x k and �x k� 1, and the vectors( �x k� l � x k)? , l = 0; 1, have the lengths
of �x k� l � x k and point into the interaction region. Incorporating the
gradient expression(30) in the 
ux expression(28) gives

f ik =
1X

l=0

! ik l ( �pk� l � pk); (31)

where

! ik l = �
n T

i K k

Tk
( �x k� 1+ l � x k)? jei j:

In each interaction region we get eight equationslike (31), from the two
sub-edgesof each of the four sub-cellsof the interaction region. De�ne
the vectors

p = [p1; : : : ; p4]T ;

�p = [�p1; : : : ; �p4]T ;

f 1 = [f 11; f 22; f 33; f 44]T ; and

f 2 = [f 12; f 23; f 34; f 41]T :

The eight equations from (31) can then be written in matrix form as,

f 1 = A �p + B p; (32)

f 2 = C �p + D p: (33)

The matrix is written out in Appendix B. The 
ux continuit y condition
at each of the four sub-edgesgives f 1 = f 2, that is,

A �p + B p = C �p + D p;

or
�p = (A � C ) � 1(D � B )p: (34)

Eliminating �p in (32) via (34) gives the transmissibilit y matrix T as
follows for f = f 1:

f = T p =
�
A (A � C ) � 1(D � B ) + B

�
p: (35)

The rows in T contain the coe�cien ts associated with the sub-edges1
to 4, respectively. This expressionis generally not possibleto describe
in a simpler way, and usually becomesrather complicated.
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7.1. Mul ti-Point Flux Appr oximation
and the Expanded Mixed Finite Element Method

In this section we consider rectangular grids. The permeability is still
assumedto be an elementwise constant full tensor. We will show the
connectionbetweenMPFA and EMFEM, by �rst writing EMFEM with
numerical integration as a set of discreteequations,and then rewriting
the corresponding set of MPFA equations in a similar way by introdu-
cing a discrete-gradient variable. Theorem 1 shows that amalgamation
of the MPFA solution yields the EMFEM solution. Thus,on rectangular
grids, the MPFA results immediately give the EMFEM results, but not
conversely, and the amalgamation of the MPFA has the same weak
continuit y property as the EMFEM.

Recall the EMFEM with di�eren t approximation spacesfor the ve-
locity and the new variable, ~u = � gradp; as given in (26). The �nite
di�erence formulation is found from (26) when trap ezoidal numerical
integration (as for (23) in Section 6.1) is used on the terms ( ~u h ; v),
(u h ; ~v), and (K ~u h; ~v). Let ( �; � )T denote that the trap ezoidal rule
is applied. With this notation the new �nite di�erence system can be
written as: �nd (u h ; ~u h ; ph) 2 RT 0 � RT � 1

0 � Qh such that

(u h ; ~v)T � (K ~u h ; ~v)T = 0;

( ~u h ; v)T � (ph ; div v) = 0;

(div u h ; q) = (g; q);

for all ~v 2 RT � 1
0 ;

for all v 2 RT 0;

for all q 2 Qh :

(36)

Let v i � 1=2;j and v i;j � 1=2 denote the basis functions of RT 0 associated
with the edges(i � 1=2; j ) and (i; j � 1=2), scaledsuch that v e � n e = 1
for the edge e with a unit normal vector n e. Similarly let the basis
functions of RT � 1

0 be denoted ~v �
i � 1=2;j and ~v �

i;j � 1=2, since we do not
have any continuit y restrictions acrossthe edges,and have two basis
functions associated with each edge. Let jT j denote the number of
elements in Th , and jEj the number of edgesin Eh. We will still usethe
MPFA terminology, where the two parts of a cell edgeare sub-edges,
and interaction regionsform the dual grid. The two sidesof a cell edge
will be marked with superscript � or +; seeFigure 7-(i). Let generally
f veg be the basisfunctions of V h , f ~v �

e g the basisfunctions of ~V h , and
f qE g the basis functions of Qh . The discrete solution of (36) can then
be termed f ue; ~ue; pE gE 2T h ;e2Eh with u h =

P
ueve, ~u h =

P
~u�

e ~v �
e , and

ph =
P

pE qE . If the integrations in (36) are written out with the test

relation.tex; 29/07/2003; 15:53; p.24



25

e,2

e,1

e,2

+

+�

�
e,1

~

~

~

~

u

u u

u

(i )

x
4

3e

2x1

3
x

x

4

2
1

e

e
e

(ii )
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e;k . (ii )
Interaction region.

functions (v i +1 =2;j ; ~v �
i +1 =2;j ; qi;j ), the EMFEM from (36) takesthe form

ui +1 =2;j = k i;j
x ~u�

i +1 =2;j +
k i;j

xy

2
~u�

i;j +1 =2 +
k i;j

xy

2
~u+

i;j � 1=2;

ui +1 =2;j = k i +1 ;j
x ~u+

i+1 =2;j +
k i +1 ;j

xy

2
~u�

i +1 ;j +1 =2 +
k i +1 ;j

xy

2
~u+

i+1 ;j � 1=2; (37)

hi

2
~u�

i +1 =2;j +
hi +1

2
~u+

i+1 =2;j = � (pi +1 ;j � pi;j ); (38)
X

e2Eh \ E ij

�j ejue = (g; qi;j ); (39)

where the plus sign holds in (39) if and only if n e points into E ij .
The unknowns of interest are actually still u h and ph, while ~u h can
be consideredas an intermediate quantit y. We then get 2jEj discrete
unknowns of ~u h, jEj unknowns of u h , and jT j unknowns of ph, and we
have 2jEj equations of type (37), jEj equations of type (38), and jT j
equationsof type (39).

We now seekto rewrite the MPFA systemfrom the previous section
in an expandedform similar to the EMFEM system (37)-(39). De�ne
the discreteMPFA velocity (sub-edge
ux divided by sub-edgelength)
for each sub-edgeof edgee as ue;1 for the lower or left sub-edge,and
ue;2 for the upper or right sub-edge.Similarly de�ne the discreteMPFA
gradients (actually, scalar normal components of gradients) as four
unknowns for each edge; seeFigure 7-(i ) for an illustration on edge
e = (i + 1=2; j ). Consider sub-cell 1 in Figure 7-(ii ), connected to
sub-edgese1 and e4. From the MPFA assumption of linear pressure
variation in each sub-cell, the gradient is constant. The discreteMPFA
gradient values for each sub-edgecan then be used in the gradient
expressionsuch that

� grad(p) =
�

~u�
e1

~u�
e4

�
: (40)
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Now calculating the 
ux from Darcy's law, as in (28), from sub-cell 1
acrosssub-edgee1,

f 11 = � K 1 grad(p) �
�

1
0

�
je1j = (k1

x ~u�
e1

+ k1
xy ~u�

e4
)je1j; (41)

corresponding to the discrete velocity

ue1 = k1
x ~u�

e1
+ k1

xy ~u�
e4

: (42)

If sub-edgee1 is the upper sub-edgeof edge(i + 1=2; j ), then this yields

ui +1 =2;j; 2 = k i;j
x ~u�

i +1 =2;j; 2 + k i;j
xy ~u�

i;j +1 =2;2: (43)

An analogousderivation for sub-cell 2 and sub-edgee1 gives

f 12 = � K 2 grad(p) �
�

1
0

�
je1j = (k2

x ~u+
e1

+ k2
xy ~u�

e2
)je1j;

hence
ui +1 =2;j; 2 = k i +1 ;j

x ~u+
i+1 =2;j; 2 + k i +1 ;j

xy ~u�
i +1 ;j +1 =2;1: (44)

With sub-cells4 and 3 and sub-edgee3, if e3 is the lower sub-edgeof
edge(i + 1=2; j ), we get

ui +1 =2;j; 1 = k i;j
x ~u�

i +1 =2;j; 1 + k i;j
xy ~u+

i;j � 1=2;2; (45)

ui +1 =2;j; 1 = k i +1 ;j
x ~u+

i+1 =2;j; 1 + k i +1 ;j
xy ~u+

i+1 ;j � 1=2;1: (46)

Note the similarit y betweenthe �rst equation (37) and the sum of (43)
and (45), and analogouslyfor the secondequation (37) and the sum of
(44) and (46). Next, let h1 and h2 be the lengths of cells 1 and 2 in the
x-direction. Now using the gradient expression(40) directly in (29) for
sub-cells1 and 2 connectedby sub-edgee1 gives

� ~u�
e1

h1

2
= �p1 � p1 and ~u+

e1

h2

2
= �p1 � p2:

Eliminating �p1 as in the original derivation of MPFA, equation (34) to
(35), gives

h1

2
~u�

e1
+

h2

2
~u+

e1
= � (p2 � p1):

If e1 is the upper sub-edgeof edge(i + 1=2; j ), this yields

hi

2
~u�

i +1 =2;j; 2 +
hi +1

2
~u+

i+1 =2;j; 2 = � (pi +1 ;j � pi;j ): (47)

Analogously, from sub-edgee3 and sub-cells4 and 3,

hi

2
~u�

i +1 =2;j; 1 +
hi +1

2
~u+

i+1 =2;j; 1 = � (pi +1 ;j � pi;j ): (48)

relation.tex; 29/07/2003; 15:53; p.26



27

The averageof (47) and (48) is similar to (38). Finally, we have the cell
conservation equations

X

e2Eh \ E ij

�j ej(ue;1 + ue;2)=2 = (g; qi;j ); (49)

with signs as in (39). We have 4jEj unknowns of ~u , 2jEj unknowns of
u, and jT j unknowns of p, and we have 4jEj equations of type (43)-
(46), 2jEj equations of type (47)-(48), and jT j equations of type (49).
Introduce the index � = 0; 1, associate the superscript � with � = 0,
and the superscript + with � = 1. The MPFA method can then be
rewritten in expanded form as: f ue;k; ~u�

e;k; pE gE 2T h ;e2Eh ;k2f 1;2g;� 2f 0;1g
such that

ui +1 =2;j;k = k i + � ;j
x ~u�

i +1 =2;j;k + k i + � ;j
xy ~u2� k

i + � ;j � 3=2+ k;2� � ;

ui;j +1 =2;k = k i;j + �
y ~u�

i;j +1 =2;k + k i;j + �
xy ~u2� k

i � 3=2+ k;j + � ;2� � ;

hi

2
~u�

i +1 =2;j;k +
hi +1

2
~u+

i+1 =2;j;k = � (pi +1 ;j � pi;j );

hj

2
~u�

i;j +1 =2;k +
hj +1

2
~u+

i;j +1 =2;k = � (pi;j +1 � pi;j );

X

e2Eh \ E ij

jej(ue;1 + ue;2)=2 = (g; qi;j );

(i + 1=2; j ) 2 Eh ;

(i; j + 1=2) 2 Eh ;

k = 1; 2; � = 0; 1;

(i + 1=2; j ) 2 Eh ;

(i; j + 1=2) 2 Eh ;

k = 1; 2;

E ij 2 Th :

(50)
A proof of existenceand uniquenessfor the MPFA solution (u and p)
in caseof rectangular grids can be found in [10]. To show that there
is also a unique gradient ~u for the expandedform, note that for each
corner in each cell we can derive a local connection between the ~u-
and u-solution. Let the edgese1 and e2 meet in the upper right-hand
corner of a cell E ; seeFigure 8. De�ne U c = [ue1 ;2; ue2 ;2]T and ~U c =
[~u�

e1 ;2; ~u�
e2 ;2]T ; then U c = K E ~U c, from the �rst two equations of (50)

with k = 2 and � = 0, hence ~U c = (K E )� 1U c.
It remains to prove the relationship betweenthe EMFEM from (36)

and the expandedMPFA method from (50).

THEOREM 1. Let f ue;k; ~u�
e;k; pE ;mpge2Eh ;E 2T h be the MPFA solution

of (50), and let the EMFEM solution of (36) be f ue; ~u�
e ; pE ;emge2Eh ;E 2T h .

For each element, E , de�ne the local element edgese1 to e4, and the
sub-edgesei ; 1 and ei ; 2, as in Figure 8. Let

V E = [ue1 ; : : : ; ue4 ]T ; and

U E = [ue1 ;2; ue1 ;1; : : : ; ue4 ;2; ue4 ;1]T :
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Figure 8. An element, E , the local edges, e1 to e4 , and the sub-edges ei k, for
i = 1; : : : ; 4, and k = 1; 2.

Then
V E = QE U E ;

~u�
e = (~u�

e;1 + ~u�
e;2)=2;

pE ;em = pE ;mp;

for all E 2 Th;

for all e 2 Eh;

for all E 2 Th;
(51)

where

QE =
1
4

2

6
6
4

� � � � � � � � � �
� 
 
 � � � 
 
 � �
� � � � � � � � � �

 � 
 � � 
 � 
 � �

3

7
7
5 ; (52)

with

� =
2kE

x kE
y � (kE

xy )2

kE
x kE

y � (kE
xy )2 ; � =

kE
x kE

xy

kE
x kE

y � (kE
xy )2 ;


 =
kE

xy kE
y

kE
x kE

y � (kE
xy )2 ; and � = �

(kE
xy )2

kE
x kE

y � (kE
xy )2 :

Proof. Under the connection given above we will show that the ex-
panded MPFA set of equations equals the EMFEM equations. The
calculations will be done for a generalelement E ij , and a generaledge
e = (i + 1=2; j ), such that the expandedMPFA is describedby (43)-(49),
while (37)-(39) represent the EMFEM. First observe that equations
(47) and (48) sum to equation (38) under the relationship

~u�
i +1 =2;j = (~u�

i +1 =2;j; 1 + ~u�
i +1 =2;j; 2)=2: (53)

Then observe that the rest of the equations can be studied on each
element separately. On element E , de�ne V and U as V E and U E

above, and

~V = [~u�
e1

; ~u�
e2

; ~u+
e3

; ~u+
e4

]T ; (54)
~U = [~u�

e1 ;2; ~u�
e1 ;1; : : : ; ~u+

e4 ;2; ~u+
e4 ;1]T (55)

from the EMFEM and expandedMPFA, respectively. We have dropped
the superscript E for simplicit y. For EMFEM this means that the
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analogueof equation (37) on one element can be described by a 4 � 4
matrix as

V = M ~V :

The matrix M is detailed in Appendix B, equation (68). Similarly we
cande�ne an 8� 8 matrix, N , from the analoguesof equations(43){(46)
such that

U = N ~U :

The matrix N appearsin Appendix B, equation (69). The connection
in equation (53) related to element E becomes

~V = P ~U ;

where P is a 4 � 8 matrix in Appendix B. The connection betweenV
and U is then given by

V = M P N � 1U � QE U ; (56)

whereQE is a 4� 8 matrix. The column sumsof QE equal 1/2 in such
a way that the connection (56) givesequation (49) from equation (39).
2

Even if MPFA does not have weak continuit y in the Lagrange-
multiplier senseon each sub-edge,it can be consideredto have this
property on each edgethrough the local operator Q E , and the connec-
tions to the EMFEM.

Also note that symmetry for MPFA on orthogonal grids follows
directly from equation (50). The discreteEMFEM setof equations(37)-
(39) is symmetric before common multiplicativ e factors are dropped:
multiply the two equationsof (37) by hi hj =2 and hi +1 hj =2, respectively,
and equation (38) by hj , and the symmetry follows. Similarly for the
MPFA set of equations in (50), multiply the �rst four equations by
hi + � hj =2, hi hj + � =2, hj , and hi , respectively, and again the symmetry
follows. The MPFA set of equations from (50) can then be written in
matrix form as 0

B
@

A B T 0
B 0 C T

0 C 0

1

C
A

0

B
@

~U
U
P

1

C
A =

0

@
0
0
Q

1

A :

After elimination of the discrete gradients ~U and velocities U, the
system for the discrete pressuresP, C (B A � 1B T )� 1C T P = Q, is still
symmetric. Symmetry for MPFA on orthogonal grids in 3D is shown
in [10] with a rather lengthy proof.
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Symmetry as derived above for rectangular grids does not extend
to generalquadrilaterals, since �x k � x k from equation (29) in this case
doesnot correspond to the cell edgeused in equation (41); seeFigure
6-(ii ). However, for a version of MPFA derived from an orthogonal
referencespace,the connection to the EMFEM doesextend to general
quadrilateral grids (see[35]), and symmetry extends as well.

8. Numerical Exp erimen t

The methods discussedhere are all described in a number of publica-
tions along with numerical tests to verify their favorable qualities. To a
certain extent the numerical experiments described in the literature dis-
cussthe samecases.All the methods are tested with distorted irregular
grids and layeredmedia, including the casewith uniform 
o w whereall
the methods reproducethe exact solution except for the MPFA version
discussedin [13]. Numerical experiments with the CVMFEM are per-
formed in [14] and [3]. For the SOM a good sourceof information on
numerical experiments is [5]. In [6] and [7] the EMFEM and the derived
ECCFDM are developed and tested. Solutions for discontinuities in the
media are discussedin section 6.1 of this paper. Experimental analysis
of the MPFA O-method convergenceis done in [34]. Numerical tests
are also performed in [13] for the MPFA version described there.

One new, simple, non-orthogonal example here will illustrate good
convergencequalities of the consideredmethods. The grid is built on
parallelogramswhich still give a�ne elements, exceptalong the bound-
ary. The grid and the re�nement strategy are shown in Figure 9. The

Figure 9. Re�nement of the grid

permeability is chosen to be homogeneous.Except for the boundary
elements, this corresponds in a referencespaceto an elementwise con-
stant permeability on an orthogonal grid. Sincethe grid mainly consists
of two types of parallelograms, the transformed permeability K from
(24) will vary between

K1 =
�

2 1
1 1

�
and K2 =

�
2 � 1

� 1 1

�
;
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except along the boundary. This is a rather small discontinuit y. The
boundary condition is chosensuch that the exact solution is

p(x; y) = cosh(� x) cos(� y) on [0; 1] � [0; 1]:

The numerical error is measuredin the following discrete L 2 norms:

ep=

0

@
X

ij 2T h

A ij (pij � p(x ij )2)
. X

ij 2T h

A ij

1

A

1=2

; (57)

ev =

0

@
X

e2Eh

Qe(f e � f e=jej))2
. X

e2Eh

Qe

1

A

1=2

: (58)

Here A ij is the area of element ij , while Qe is the area associated
with edge e, illustrated in Figure 2 for the edge e = (i + 1=2; j ).
Numerical results are shown in Figures10 and 11. Theseshow the same
order of convergencefor MFEM with RT 0 elements, the CVMFEM,
and the MPFA, all with asymptotic convergenceclose to O(h2). The
MPFA example is investigated further in [34]. The results show that
the methods do not have reducedorder of convergenceon this relatively
simple non-orthogonal grid comparedto the orthogonal case.

9. Conclusions

Several locally conservative methods have been developed in recent
yearsfor equation (1), motivated by caseswith irregular grids and an-
isotropic, discontinuous heterogeneouspermeability. Perhaps not sur-
prisingly, they are built on related foundations. The present invest-
igation of these relationships should facilitate understanding of the
literature and of the behavior of thesemethods.

All of the methods studied here can show second-orderconvergence
of pressuresand 
uxes in problems with su�cien tly smooth solutions,
and su�cien tly regular grids. For these methods to obtain optimal-
order convergence,a type of weak continuit y of the pressureis an es-
sential commonproperty. When this is inherent in the basicform of the
method, Lagrange multipliers representing pressuresat permeability
discontinuities are not necessary.

The standard lowest-orderRaviart-Thomas (RT 0) MFEM provides
a natural and convenient base-caseframework from which to de�ne and
relate theselocally conservative methods. The CVMFEM can be writ-
ten as a MFEM with di�eren t test functions, chosenin a manner that
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Figure 10. Numerical results for MFEM and CVMFEM

eliminates pressuresat cell boundariesand assuresweak pressurecon-
tinuit y. The SOM achieves the sameresult through a discrete adjoint-
operator relation, and is equivalent to a MFEM with speci�c numerical
integrations that are closeto a mass-lumped MFEM or CVMFEM. All
of these are \ K � 1 methods" that in someway use an inner product
containing the inverseof the permeability tensor.

The expanded MFEM (EMFEM) is a \ K method" that adds a
pressure-gradient variable to the MFEM and has an inner product
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Figure 11. Numerical results for MPFA

containing the permeability tensor. When the samespacesare usedfor
the pressuregradient and the 
ux, the EMFEM with certain numerical
integrations leads to the ECCFDM, which needsLagrangemultipliers
to enforce weak pressurecontinuit y. If the pressure-gradient spaceis
enlarged to allow discontinuous normal components, weak continuit y
follows without Lagrange multipliers. On orthogonal grids, with ana-
logous numerical integrations and a splitting of edgesinto two parts,
this producesthe MPFA O-method.
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It would be useful to study further the relationships between K
methods and K � 1 methods, consideredfor a simple parallelogram grid
with MFEM/CVMFEM and the MPFA O-method in [28]. Extensions
of someof the present MPFA-related �ndings to quadrilateral grids are
reported in [35]. All of the methods extend to 3D, where the issues
examinedhere becomemuch more complex.
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App endix

A. Original Outline of the Supp ort Op erator Metho d

The Support Operator Method, SOM, is de�ned in the form of the
operators D and G, as

u so = Gpso; (59)

Du so = G: (60)

The operator D is a discrete version of the divergence.G, which ap-
proximates � K grad, is described by three operators S, D 0 and M ,
such that G = S� 1D0M . If S is applied to both sidesof (59),

S u so = D0M pso; (61)

D u so = G: (62)

This is the form of the discrete equation actually found by the SOM
methodology, and corresponds to MFEM with numerical integration.
The discrete operators are constructed directly in the discrete scalar
and vector function spaces,denotedby HC and HS, respectively. HC is
cell-centered, while HS is evaluated in terms of normal components on
edges,corresponding to 
uxes of the velocity. Two inner products for
each of the discretespacesare constructed, and will later be compared.
The �rst are termed natural inner products, and are discrete versions
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Figure 12. One SOM element, with the local coordinates for the element vertex
kl = 00

of the classical L 2 inner product for the scalar case,and the energy
inner products, (K � 1�; �), for the vector functions. The scalar one is

(p;q)HC =
M � 1;N � 1X

i;j =1

pij qij A ij ;

where A ij denotes the area of element ij . The vector natural inner
product is more complex. To operate on HS degreesof freedom, i.e.,
normal components on edges,a separate coordinate transformation
for each element vertex is applied. This implies a change from an
orthogonal Cartesian basisto a basisconsistingof the two normal com-
ponents of the edgesadjacent to the vertex. If ( � )xy denotesfunctions
in the orthogonal Cartesian coordinate system and ( � ) � � functions in
the new coordinate system, the coordinate transform can be described
by

(A )� � = G kl (A )xy ;

where G kl is the transformation matrix for the vertex kl , and consists
of the normal components, n � and n � (seeFigure 12):

(A )� � =

 
A�
A�

!

=

 
(A )xy � n �

(A )xy � n �

!

= (n � ; n � )T (A )xy :

The HS natural inner product can now be de�ned by

(A ; B )HS =
M � 1;N � 1X

i;j =1

1X

k;l=0

(A ij
kl )

T
� � (G ij

kl )
� T K � 1

ij (G ij
kl )

� 1(B ij
kl )� � A ij

kl :

Here A ij
kl is the area related to the vertex kl , such that

P
kl A ij

kl =
A ij . The area A ij

kl equals half the area of the triangle in element ij
which contains the angle � kl of vertex kl . Since the dot product is
invariant under rotation, if the permeability is isotropic, K = kI , then
Gkl dependsonly on the angle of the corner � kl ,

G kl =
�

1 0
� cos(� kl ) sin(� kl )

�
:

relation.tex; 29/07/2003; 15:53; p.37



38

De�ne T = G � T K � 1G � 1; then

T kl =
k� 1

sin2(� kl )

�
1 cos(� kl )

cos(� kl ) 1

�
:

This meansfor instance that,

(A )T
� � G � T K � 1G � 1(B )� � = (A )T

� � T (B ) � �

=
A� B � + A� B � + (A� B � + A� B � ) cos(� )

sin2(� )
:

For a full permeability tensor the transformation will depend on the
xy-coordinate system. Since the goal is to de�ne discrete operators,
another scalar and vector inner product are de�ned for comparison.
Theseare termed formal inner products and can roughly be described
as accumulation of the multiplied discrete functions. The formal inner
product for the scalar functions is de�ned as

[p;q]HC =
M � 1;N � 1X

i;j =1

pij qij :

For the vector functions it is

[A ; B ]HS =
M ;N � 1X

i;j =1

A� ij B � ij +
M � 1;NX

i;j =1

A� ij B � ij :

The relationships betweenthe natural and formal inner products are

(p;q)HC = [M p;q]HC ; and (A ; B )HS = [SA ; B ]HS :

From these relationships, the operators M and S can be found. The
main assumption behind SOM is existenceof a discrete dual operator
D � in the natural inner product such that

(Du ; p)HC = (u ; D � p)HS : (63)

HereD � = G, and is the approximation of � K grad. Equation (63) can
be consideredas an approximation of

Z



div u pdx = �

Z



(K � 1u)T K gradpdx ;

where(�; �)HC and (�; �)HS can be seenasdi�eren t numerical integration
formulas. This is a version of Green's theorem, without the boundary
terms that would lead to Lagrangemultipliers. In terms of formal inner
products, equation (63) reads

[Du; M p]HC = [u ; SD � p]HS :
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Let the operator D0denotethe adjoint of D in the formal inner product,
so that

[u ; D0M p]HS = [u ; SD � p]HS :

From this relationship it is possible to �nd D0. Since the equation is
true for all u and p,

D0M = SD � ;

and the discrete operator G is given by

G = D � = S� 1D0M :

B. Matrix from Section 7 Multi-P oin t Flux Appro ximation
Con trol Volume Metho d

The matrices A ; B ; C ; and D are usedto establishMPFA the original
way in Section 7.

A =

2

6
6
6
6
6
4

! 110 0 0 ! 111

! 221 ! 220 0 0

0 ! 331 ! 330 0

0 0 ! 441 ! 440

3

7
7
7
7
7
5

; (64)

B =

2

6
6
6
6
6
4

� ! 110 � ! 111 0 0 0

0 � ! 220 � ! 221 0 0

0 0 � ! 330 � ! 331 0

0 0 0 � ! 440 � ! 441

3

7
7
7
7
7
5

;

(65)

C =

2

6
6
6
6
6
4

! 121 ! 120 0 0

0 ! 231 ! 230 0

0 0 ! 341 ! 340

! 410 0 0 ! 411

3

7
7
7
7
7
5

; (66)

D =

2

6
6
6
6
6
4

0 � ! 120 � ! 121 0 0

0 0 � ! 230 � ! 231 0

0 0 0 � ! 340 � ! 341

� ! 410 � ! 411 0 0 0

3

7
7
7
7
7
5

:

(67)

relation.tex; 29/07/2003; 15:53; p.39



40

The matrices given next are usedin Section 7.1 to �nd the connection
between MPFA and EMFEM. The matrices are associated with an
element E ; seeFigure 8.

M =

2

6
6
6
6
6
6
4

kE
x 1=2kE

xy 0 1=2kE
xy

1=2kE
xy kE

y 1=2kE
xy 0

0 1=2kE
xy kE

x 1=2kE
xy

1=2kE
xy 0 1=2kE

xy kE
y

3

7
7
7
7
7
7
5

; (68)

N =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

kE
x 0 kE

xy 0 0 0 0 0

0 kE
x 0 0 0 0 kE

xy 0

kE
xy 0 kE

y 0 0 0 0 0

0 0 0 kE
y kE

xy 0 0 0

0 0 0 kE
xy kE

x 0 0 0

0 0 0 0 0 kE
x 0 kE

xy

0 kE
xy 0 0 0 0 kE

y 0

0 0 0 0 0 kE
xy 0 kE

y

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

; (69)

P =
1
2

2

6
6
4

1 1 0 0 0 0 0 0
0 0 1 1 0 0 0 0
0 0 0 0 1 1 0 0
0 0 0 0 0 0 1 1

3

7
7
5 : (70)
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