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Abstract

Lidar technology is used to quantify airborne particulate matter less than 10 microns in
diameter (PM;jq). This spatio-temporal lidar data on PM;o may be subject to censoring
due to detection limits. We modify a nonlinear and non-Gaussian state-space model
to accommodate data subject to detection limits and outline strategies for Markov-
Chain Monte Carlo estimation estimation and filtering. The methods are applied to

spatio-temporal lidar measurements of dust particle concentrations.
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1 INTRODUCTION

Particulate matter less than 10 microns in aerodynamic diameter, PMiy, is a regulated
National Ambient Air Quality Standard (NAAQS) pollutant because of the effect small
particles have on visibility and human respiratory health and (U.S. E.P.A. 1997). Quan-
tifying PM1g emissions from all sources within a given air quality management district is

essential for developing long-term PM;j( air quality attainment plans. One type of PMy,
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fugitive dust, is generated from moving point and nonpoint sources such as activity at con-
struction sites, natural wind erosion of exposed soil, transportation sources, and agricultural

operations (Cowherd 1993).

1.1 Lidar Data

Holmén et al. (1998) proposed a remote sensing technique involving light detection and
ranging, lidar, as a means for measuring PM;(, emissions from agricultural moving point
sources. In a nutshell, lidar technology uses a laser signal and telescope receiver to measure
PMjy. The characteristics of the return signal, or back-scatter, from the laser determine
the characteristics of the concentration of PMjy in the dust plume, (Measures, 1984). For
the lidar machine that collected the data described in this paper, the backscatter signal is
sampled as the sum of 25 pulses of the 50 Hz laser, giving a one-dimensional ‘snapshot’ or
‘time slice’ of the dust plume generated by the tractor approximately every 0.5 seconds.
Each time slice is a spatial series of data, with individual data points evenly spaced 4.95
meters apart on the downwind side of the field along the lidar beam trajectory. Figure 1
shows a single time slice.

The return signal is transformed into data by way of a digitizer. The lidar digitizer
converts electronic signal into digits that are stored by a computer. The digitizer is a
scalable map from the set of all signal strengths onto a finite set of digits. In order to
capture all signals without any censoring, the maximum return signal of a data collection
period must be known a priori. Even so, if the digitizer map is spread over too large a range,
then information is lost as many different signals are mapped to the same digit, a type of
roundoff error. On the other hand, if the digitizer upper bound is too low, then all signals
above a threshold are mapped to the largest possible digit, and censoring results. Although
both result in a loss of information, technician knowledge and trial runs are used in setting
this parameter, so that some middle ground is achieved. We point out this characteristic of
the lidar machine as it is very likely that any data set collected by this machine, and others
like it, will routinely collect data sets which contain a nontrivial proportion of censored

data.
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Figure 1: A single time slice which shows the relative concentration of PMyy over the ranges
400m to 800m. Measurements are every 4.95 meters apart along the range axis, time slices are
approximately 0.5 seconds apart. Upper detection limits for values that have been censored are

denoted by o.

Figure 1 shows a time slice where the backscatter signal was large enough to cause cen-
soring at 8 points. The nonlinear trend in the censoring values is due to the transformation
that maps the digitized values into relative concentration values. Table 1 gives a view of

the extent of censoring in the data set that we describe below.

1.2 Data Collection

To collect PM 1o emissions data from a moving point source, a lidar instrument was posi-
tioned on the downwind edge of the field where a tractor was using a disk harrow to prepare
the soil after wheat harvest. Figure 2 shows a schematic diagram of the data collection.
The lidar beam was pointed parallel to the field edge and roughly perpendicular to the wind
direction. Repeated lidar measurements were made at a fixed elevation angle (2°) as the
tractor tilled the field. The analysis herein focuses on comparing data from the six individ-

ual tractor path lines as described in Section 1.3 and corresponding to the data collection
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Figure 2: Schematic of the data collection showing prevailing wind direction, approximate
tractor path, lidar beam trajectory and lidar instrument location. The “X" marks a tractor
location that could result in data censoring due to high dust generation close to the lidar beam.

The numbers 1-6 denote the sequence of tractor path lines excluding turns.

periods shown in Figures 2 and 3.

To refer to a spatial location, we use the term “range” to denote the distance from the
lidar instrument to a point along the laser beam trajectory. The range corresponding to
the location of the highest concentration in a time slice is the ‘peak location.” Figure 1
shows a time slice with peak location at roughly 570 meters As indicated by the o symbol
plotted in the figure, the data was partially censored due to the upper detection limits of
the lidar. This censoring occurred most dramatically at close ranges when the tractor was
only a short distance upwind of the lidar beam line (Figure 2, “X”) because the dust plume
measured was most dense at this short upwind distance. Of the 1645 time slices collected,
924 (56.5%) contain at least one range point with a censored observation, and a total of
3531 (3.0%) censored values were recorded. While three time slices have as many as 17
range points where clipping occurred, most of the affected time slices have fewer than six
censored points. The maximum number of censored points in any time slice in the lines we

consider is 11.
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Contour Plot of Data
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Figure 3: A single line contour plot of the data. The contour lines at a given time period show
the approximate location of the dust plume. The boxed regions depict the approximate time
periods for the six lines described in Section 1.3. The particular time period depicted in Figure 1

is denoted with an x.

1.3 Comparable Sets

Preliminary to building a general model suitable for government agency predictions and
estimations, a large number of data sets such as the one described above will need to be
collected and analyzed. Prior to all this effort and cost, we wish to determine if the plume
generated by a single tractor operation is changing substantially over time or space. If there
is little variability in the plume characteristics over some unit smaller than a complete field
operation, then there is hope that future field tests can be reduced to measurements over
the new unit. In order to test whether or not the field operation is comprised of equivalent

smaller units in mind, we follow Johns et al. (2001) to define comparable sets, or lines.



Censoring Information

No. of Total
Duration No. of
Line Censored Censored
(seconds) Time Slices
Time Slices Points
Line 1 68.7 122 58 118
Line 2 52.3 98 79 391
Line 3 79.5 140 100 407
Line 4 68.7 120 109 278
Line 5 115.4 203 141 452
Line 6 53.3 95 70 501
Total 437.9 771 557 1885

Table 1: Censoring information for the six lines described in Section 1.3 and depicted in Figures
2 and 3. The lines are roughly described as the set of time slices where the center of the dust

plume is between 500 and 700 meters in range.

line: the data collection period corresponding to a straightaway section of the

tractor path.

This definition is natural because typical tractor movement during field preparation is
comprised of parallel lines and turns. The lidar signals recorded during the tractor turns had
smaller concentration levels than those time slices recorded while the tractor was traveling
on a straight path. Furthermore, the dust plumes generated on the turns could not be
easily assigned to an individual line. Therefore, our analysis only considered time slices
corresponding to the straight sections of the tractor’s path.

The lines defined herein are depicted in Figure 3, with the dashed boxes as approximate
boundaries for the lines. Details of the lines in terms of length of time, number of time
slices and censoring are summarized in Table 1. Specific determination of the lines as given
in Figure 3 and is in part constrained by the data collection sub-periods. For safety reasons,
the lidar was turned off for periods of time during tractor turns near the lidar trajectory.
The off periods created obvious starting points for lines 1, 3 and 5 and ending points for
lines 2, 4 and 6. The other end points are determined by the location of the center of the
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plume. For practical purposes, the lines are defined as the time periods when the center of
the plume is between 500 and 700 meters of range. The intention of the definition of the

lines is to make them as similar as possible to facilitate line to line comparisons.

2 State-Space Models

A State-Space or Dynamic Linear Model refers to a wide class of hierarchical models that
have been used to model data from such diverse fields as aerospace research (Kalman, 1960),
economics (Shumway and Stoffer, 1982), medicine (Jones 1984), and geosciences (Hamill
and Snyder, 2002). The general idea behind this hierarchical model is that the “state” of a
system at time ¢ can only be observed indirectly through observations that follow a random

regression model.

2.1 Traditional State-Space Models

Traditionally, the random regression is of the form: y, = H;0;+v;, where H; is a d X p matrix
of known coefficients (design matrix) which converts the current unobserved stochastic p x 1
state vector 6, into the d x 1 observation vector y;. This form is commonly refereed to as the
observation equation. The observation error vectors, v; and vy have common covariance,
Q, and are considered independent for ¢ # t'. The random vector of unobserved states
601,0-,...,0, is of primary interest. Classical models assume that 8; follows a possibly
non-stationary multivariate autoregressive process of order one: 8; = G;0;_1 + wy where G
is a known p x p matrix. This form is the state equation. Classical models further assume
errors in the state and observation equations are independent over time.

With knowledge of transition matrices, covariances and the initial mean, the well known
Kalman filter recursions provide the best linear estimate (Brockwell and Davis, 1987, sec
12.1) of @5 given the information in the data up to time ¢. When s = t the estimation is
referred to as filtering. For the case s > t, the estimation is referred to as prediction or
forecasting. When a post hoc analysis is suitable, the Kalman recursions are used to find

the best linear estimator (the Kalman smoother) of 8; given all the data y1,...y, from a



data collection regime.

The linearity and normality assumptions in the classical model are often too restric-
tive for many modeling situations and a host of extensions have been studied. Meinhold
and Singpurwalla (1989) describe some non-robust properties of the Kalman filter and sug-
gest using errors that follow Student’s-¢ distribution. In a similar vein, Kitagawa (1987)
suggests numerical integration techniques to estimate nonstationary and non-normal state-
space models. Kitagawa (1987) also encourages the use of heavy tailed distributions, such as
t-distributions, to model nonstationary time series. However, these techniques are not well
suited to vector processes. Shumway and Stoffer (1982) extended the Kalman recursions to
the case when observations are missing and give an EM algorithm solution for the linear

observation equation and linear state transition case.

2.2 Nonlinear and Non-Gaussian State-Space Models

A natural extension is to relax the linear dependence of 8; upon its predecessor by allowing
the state equation to be nonlinear: 8; = g;(6;—1) + w;, where each g; is known (perhaps
conditional upon some information). This formulation is natural in physical systems where
states are modeled as evolving according to nonlinear differential equations.

Likewise, in many physical systems, data may be related to the state by a nonlinear
function, hy; y; = hy(0;) + v;. In many situations it is reasonable to model, g, = g and/or
h; = h, meaning that the functions in the state and observation equations are not evolving
in time, except through the evolution of the states. Harvey (1989) describes the extended or
linearized Kalman filter as a potential solution in the case when the state and observation
equations are nonlinear. However, the linearized Kalman filter is famous for instability.

Carlin, Poulson, and Stoffer (1992) (CPS hereafter) propose removing the normal errors
assumption by modeling state and observation errors as normal, conditional upon nuisance
parameters. Their hierarchical Bayesian approach also allows for nonlinearity in the models.
Specifically they model the state transitions by assuming conditional normality of errors in

the states and observations.

[et | 07571,2,)\75] ~ N( gt(otfl)a )‘tz)a (1)
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and the observations as
[ye | 01, Q,&] ~ N(hy(0:), &), (2)

where )\; and &; are time varying nuisance parameters with a known distributions, g; maps
the previous state onto the mean space of the current state and h; maps the current state
onto the mean space of the observations. These conditional normal distributions, when
combined with the distributions of A; and & can produce a wide variety of distributions
for the update errors and observations, yet are well suited for estimation via Markov Chain
Monte Carlo (MCMC) methods.

Let Y = (y1,¥2,---,¥n) denote the d-vectors of data collected in a sampling regime
with time index t = 1,2,...,n and let ® = (01,09,...,60,) be the accumulation of state
vectors coterminous with the data vectors. The likelihood specified in CPS is:

n n
p(®,Y | 2,9) = oo | pos o) [ [ 4:(0: | 011, % H (yi | 0:, © (3)
t=1 t=1
where ¢; and p; are density functions such that g,(0; | 6;—1,%) = [ f(0¢ | 011, M X) w1, (Ar)d )y,
pe(ye | 0, Q) = [ fye | 0, &EQ)mo,(&)dE, and f denotes the multivariate normal den-
sity function. The functions g; and h; are considered known or known conditional upon a

nuisance parameter and are suppressed in (3) for notational convenience.

2.3 Modifications for Censored Data

In many situations, technologies which are invaluable for the collection of data are hampered
in their efficacy due to detection limits. An abundance of statistical literature has been
devoted to the issue. (See for example, Aitkin 1981, Gleit 1985, Johns et al. 2001, Schmee
and Hahn 1979, Shumway et al. 1989, and Tanner 1996). Here we modify the CPS (1992)
model in order to fit nonlinear observation equations for the censored data.

In the case where some observations have been censored by a detection limit, we suggest
the following modification to facilitate computations. Specifically, we assume that the
distributions of the observational errors for y; are conditionally independent. That is,
conditional upon 0y, &; and Q, vy, is independent of gy for k # k'. One route toward this

conditional independence is to force © in (2) to be a diagonal matrix with zeros in the
9



off-diagonal elements. This assumption facilitates computations required for evaluations of
marginal and conditional distributions in the Gibbs Sampler. Thus each element of the
second product on the right hand side of the distribution (3) is replaced with (Gelman et
al. 1995)

d
Li(81,y1: D, 2, 8,6) = [ puwlye | 0e, o) " Py(Yo > Dy | 0, Ewon)™  (4)
k=1

where Dy, is the upper detection value for Vi, Py (A) denotes the probability of event A
under py, and Jy, = 0 if yy is observed, and 1 if yy has been censored. This modification
is strictly for computational simplicity, as it eliminates the need to calculate an integral of
dimension equal to the number of censored observations in y;. Similar modifications can
be made to cover the left censoring (lower detection limits) and ”left and right” censoring
(upper and lower detection limits) cases.

Primary interest lies in the distribution of the states and variance components ¥ and
Q, given the data: p(®,%,Q | Y) x p(®,Y | ,Q)n(X)7(R2) where n(X) and 7 ()
are prior distributions for ¥ and €2 respectively. To understand the characteristics of this
distribution and the behavior of the states (or other parameters) MCMC methods present a
feasible approach. Inferences from the model can be made by sampling from the conditional
distribution [®, 8,2, Q, A, & | Y, A], where A = {Jy;}. Because of the hierarchical nature
of the model, conditional distributions useful for Gibbs sampling are easily determined and

are given int the Appendix.

3 Lidar Data Model

The hierarchical idea of defining the data collected by the lidar instrument at a given point
in time as a function of unknown parameters is quite natural. Seinfeld and Pandis (1998)
describe atmospheric pollutant plume evolution over time using differential equations. The
non-standardized Gaussian curve is an approximate solution to these differential equations
and provides a basis for modeling the average datum at a given time and range bin. We
consider the parameters of the non-standardized Gaussian curve the states of interest and

model their behavior over time with the state-space construction. The observation equation
10



is given by yy, = hg(0;) + vy, where

(5)

-0 2
hk(et) =041 + O exp (_M> ,

0s3

x, is the k™ range bin and the vector of errors v; has probability density function p; as in
(3), with the modification that 2 = wI, where I is the identity matrix. The parameters
indexed by 6; are interpreted as follows: 6y is proportional to the ambient PMyq level, 6o
is related to the maximum concentration PM;g in the lidar line of sight, ;3 is related to
the plume width or dispersion and 64 is related to the range location of the center of the
plume. Of primary interest for this data is the ratio 7, = 642/60y3 which is proportional to
the integrated total mass of PMyg in the lidar line of sight at time t.

Further, we assumed that the observation errors are normally distributed, rather than
conditionally normal as in (2). This is formally accomplished by taking the prior distribution
on &; to be a point mass distribution. Prior distributions for the observation error variance,
w, were taken to be inverse-gamma with mean 6400 and standard deviation 320.

The state equation is modeled as a random walk with non-Gaussian transitions;
(0416011, A, 2] ~ N (011, i) (6)

where \; are the nuisance parameters which allow for non-Gaussian transition. The \; will
be relatively large when state-to-state transitions are relatively large, thus A\; can be thought
of as a measure of wind variability from plume generation until the plume is measured in
the lidar beam. These parameters are given identical priors; inverse-gamma with mean 1
and standard deviation 0.25.

For the prior distribution on 8 we use a normal distribution with mean 8y and variance-
covariance matrix Sy where 90 is found by maximizing the likelihood function for the data in
the time period just previous to the first time period of interest, and Sy is the corresponding
approximate asymptotic variance.

The ¥ parameter models the conditional variance for the state transitions. As these may
be affected by changes in wind direction, we use an inverse-Wishart prior with 20 degrees

of freedom. The centering matrix, V, is formed so that V;; = p;;s;s;, where
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s1 =15 s9 = 1000 s3 =3 sS4 =2
pii =1 p12=0 p13=0 p1u=0

P23 = —0.50 P24 = —0.5 P34 = 0.5.
As previously mentioned, a set of conditional distributions useful for the Gibbs sam-

pler are easy to write down (Appendix), but these are difficult to sample because of the
nonlinearity in the observation equations. We used Metropolis-Hastings steps in the Gibbs
sampler to estimate the model.

We ran the Markov-Chain for each line separately. The prior distributions described
above were consistent for each line. Five chains for each line (Raftery and Lewis, 1996)
were burned in for 2,000 iterations, after which R (Gelman, 1996) and visual diagnostics
were used to verify that the parallel chains had converged. The means of the last 1,000
iterations of each of these preliminary chains were combined to yield starting values for the
final chain that was run for 20,000 iterations. A Monte-Carlo sample of size 1000 was taken
as a random sample from these 20,000 possibilities,

The chains seemed to converge quickly, as evidenced by Figure 4. The figure shows the
observation variance for the last range bin against the corresponding iteration number in
the Markov Chain. The five lines correspond with different starting values for the other
parameters, in particular the values of @; and . In all cases, the starting values for A\; were
equal to 1 for all £. Visual and numeric measures of convergence for other parameters, in

this and other lines, likewise show fast convergence of the Markov-Chain.

4 Results

4.1 Differences in Integrated Total Mass

The main thrust of the data collection is the hope that the lines are sufficiently homogeneous
so that data from a few lines of tractor movement will be Representative for all other
possible lines for a given field. Toward this end we calculated the the integrated total mass
Titk (Section 3) where i denotes the line and ¢ represents the time slice in the line and £ is

the MC sample index. The box-plots in Figure 5 displays the variability of the medians,
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Figure 4: Evaluation of the log-posterior by Gibbs iterate for the five different initial value sets
for the Markov-Chain of Line 6. The starting values were different for each of the five chains in

every respect except the values for ;.

T;t., for the six lines. Line 2 has a large variance in the medians because of a few time slices
for which the observation model (5) does not fit the data well. Tt is likely that Line 5 has
large variance because of variability in meteorological variables described below.

We also calculated the average integrated total mass, 7;.;, for the lines, and from the
MC-samples for each line and estimated the posterior density functions for the average
integrated total mass, 7;.. for each of the six lines. The estimated posterior distribution
densities shown in Figure 6 are sufficiently different from each other to cast serious doubt
on the hypothesis that the lines are homogeneous. We confirmed this with a cell means
model where a cell is interpreted as a line and replicates came from the MC sample. We
compared the cell means model with restricted model that allowed for differences due to
tractor-direction and that had a constant offset for upwind distance. This restricted model

was significantly different from the cell-means model, (F(35994) > 500, p-value < .0001).

5 Discussion

The results regarding Average Integrated Mass in Section 4 are slightly different than those
presented in Johns et al. (2001). They found that some lines were equivalent in average

integrated total mass, but the relationships they found could not be scientifically explained.
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Boxplot of Integrated Total Mass
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Figure 5: Boxplots of the integrated total mass values for the six lines. The “replications” in a

boxplot are 7;..

Johns et al. (2001) used a simpler model that is subject to over-smoothing. Here we have
described a far more flexible and non-Gaussian model.

The non-Gaussianity of the model presented here is important for the state transitions
as there are time points in each line where

The information in the likelihoods, (4) using observation equation (5) seems to be great
compared to the random walk updates (6) as the median values from the posterior sample
are very similar to the maximum likelihood estimates. In part, this is due to the relatively
vague priors in Section 3. Figure 7 shows the maximum likelihood estimates compared
with the posterior medians. This suggests that the information in y; about the parameter
vector 0 is nearly independent of the information in yy;; regarding 6,1 in the posterior
distribution.

Even though the likelihood functions (4) seem to exert most of the force on the posterior
distributions, there are cases involving many time slices where the likelihood function does
not give reasonable estimates for #;. In one particular case in Line 2, the likelihood estimate
for the plume maximum is nearly 20 times the estimate from the posterior. Thus, to simplify
the model down to a collection of independent likelihoods is likely to subject the analysis

to undue variations exacerbated by censoring. On the other hand, this problem may be
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Posterior Density Estimates of Average Integrated Total Mass
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Figure 6: Estimates of the posterior densities for average total mass per second (up to a

proportionality constant) based on the Monte-Carlo sample.

mitigated by better data models in (5).

The need for better models in (5) is great. The time slice depicted in Figure 1 is a
typical example of how the values the right of the plume center are larger than those on
the left of the plume center. Other models that are better approximations to solutions of
the differential equations which model dust plume behavior (Seinfeld and Pandis, 1998)
used in place of our h; in (5), are needed to improve on the fitting of this data. One
attempted improvement that we have tried is the sum of two non-standardized Gaussian
curves. The problem with an observation model of this type is that the likelihood functions
(4) frequently have multiple modes.

A further improvement is to add a model that incorporates meteorological variables
such as wind speed and direction. It was noted from other data sources that during the
time period corresponding with Line 5 of the data collection, the wind speed and variability
in direction was much greater than during the other lines of data collection. As modeled
above, the time slices in Line 5 typically have larger dispersion coefficients (6;3) and smaller
maximum concentration coefficients (6;2) than in other lines.

As stated in Section 1.1, the lidar machine has an inherent high probability to censor

15



Comparison of MLEs with with Posterior Medians
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Figure 7: The percentage change in the estimates of integrated mass 7;. The comparison is

between the maximum likelihood estimate and the posterior median.

data. Thus, a major contribution of this paper is to modify current state-space methodology
to provide a framework for the case for time-series observations that are subject to upper
detection limits. These methods are also relevant to other spatio-temporal measurements

where lower detection limits are common.

Appendix

Bayes rule creates the following simplifications in the conditional distributions under the

specifications of the model given in CPS (1992).

01 [ 06,5, A, 9,6, Y, A] ~ [60; ] 011,011, Ay Av1, 5,4, Q, v, 6]
A | ©,00,5,9,04,6 Y, Al ~ [N]80,0;1,%]
(€| ©,00,%,9, )\afj;étaYaAa] ~ [& | 01,9, y1,04]
for 1 <t <n, and
[00]0;2,5,X08Y,A] ~ [0]61,%,%,\]
2]0,00,A,0EY,A] ~ [2]0,600,]]

[Q | eaGOaYaza)‘aEaA] ~ [Q | eagaY,A]'
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In particular, we give the conditional distributions useful for the Gibbs sampler.
The conditional distribution of 8; for 1 < ¢ < n given data and all other parameters is

data proportional to

p(6:]-) o< Np,(g(0:-1), \X) * No,,, (8(0:), Aev13) * L(ye, Dy, U, 64, &)

where Ny (p, ) is the density function for the multivariate normal with argument x, mean
p and variance matrix 3, £; is defined in (4) and x denotes convolution. Note that L£; is
similar to a frequentist likelihood for the observations at time ¢ and that some simplification
can be achieved when g, is linear as the first two normal distributions can be combined.
For ¢t = 0;

p(0o[) o< Noo(m,S) * N, (8(60), \Z)

For the observational variance components, with priors 7 (wg)

(e 0@\ (g — hi(80)\
(met) e )

When these are modeled with errors that depend on time via &, the conditional distri-

n
P (wil) o< m(wg H Eswp) 170012 exp
t=1

butions for & given all other parameters is proportional to

d (1=041) Suk
| I 0tk)/2 oy [ — (yex — hk(et))z) (_ (yk — hk(‘%))) !
Pl eemlé) = (Guon) 0 exp ( 2wy ® N

The conditional distribution of 3 given all the other parameters and the data is pro-
portional to the product of the prior distribution and an inverse-Wishart distribution with
degrees of freedom n and centering matrix Yy | (8; — g1(0:—1))(0: — g¢(8:-1))" /Xs. If the
conjugate prior, IW(S,v) is used, then the conditional distribution is an inverse-Wishart
with centering matrix Y7 ;(0: — g¢(0:-1))(0: — g:(0:-1))" /M + S and degrees of freedom
v+ n.

Finally, the conditional distribution of A\; given all other parameters is the product of
the prior with an inverse-gamma distribution with shape parameter m/2, where m is the
dimension of 8; and scale parameter (6; —g;(8;_1))" =71 (0;—g:(8;_1))/2. So, for \; and the
priors specified in Section 3, the conditional distribution is an inverse-gamma distribution

with parameters 18 +4/2 and 17 + (8; — g:(0;-1))TS71(0; — g:(0:-1))/2
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