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Abstract

This paper provides large deviation asymptotics for the sizes of giant components and the
number of components of sparse random graph G(n, c/n).

1 Introduction

We consider random graph G(n, pn) that contains n vertices, every two of which are independently
connected by an edge with probability pn = c/n, c > 0. Let βn denote the size of the largest
connected component of the graph. It is known that if c > 1 then βn/n tends in probability, as
n → ∞, to the solution of the equation β + exp(−βc) = 1 that belongs to (0, 1). This component
is thus a giant component in that its size is of order n. Moreover, there exist no other giant
components, i.e., given arbitrary δ > 0 with probability tending to 1 any other component has size
less than δn, actually, the sizes of the other components are of order log n. Along with this law-
of-large-numbers-type result, there is a central-limit-theorem-type result stating that the random
variables

√
n
(
βn/n − β

)
converge in distribution, as n → ∞, to a Gaussian random variable with

mean 0 and variance σ2 =
(
(1 − β)β

)
/
(
1 − c(1 − β)

)2. For c ≤ 1 with probability tending to 1
no giant component exists. The purpose of this paper is to evaluate the probabilities that there
exist giant components of sizes other than βn in the supercritical case c > 1 and that there exist
giant components for the subcritical case c ≤ 1. In view of the above law of large numbers, this
is a large-deviation problem. Therefore, it is not surprising that the probabilities in question are
exponentially small, so we are concerned with finding the exponents. Thus, more specifically, we
study the logarithmic asymptotics of the probabilities that there exist connected components of
size between n(u− ε) and n(u + ε), where u ∈ (0, 1] and ε > 0 is small. The other issue with which
we are concerned in this paper is the asymptotics of the total number of connected components.

To give an idea of the sort of results presented in the paper we state the following theorem. Let,
given ε > 0, m ∈ N, and uk ∈ (0, 1], k = 1, 2, . . . ,m, such that

∑m
k=1 uk ≤ 1, An

ε (u1, . . . , um) denote
the event that there exist m connected components, whose respective sizes are between n(uk − ε)
and n(uk + ε) for k = 1, 2, . . . ,m, and Bn

ε (u1, . . . , um) be the intersection of An
ε (u1, . . . , um) and

the event that there is no other connected component of size greater than nε. Let for u ∈ [0, 1]

Kc(u) = u log u− u log
(
1− e−cu

)
− cu2

2
, (1.1)

Lc(u) = (1− u) log(1− u) + cu− cu2

2
, (1.2)

Mc(u) = u log c− log c +
c

2
− 1

2c
, (1.3)

where we adopt the convention 0 · ∞ = 0.
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Theorem 1.1. 1. If
∑m

k=1 uk ≥ 1− 1/c, then

lim
ε→0

lim sup
n→∞

1
n

log P
(
An

ε (u1, . . . , um)
)

= lim
ε→0

lim inf
n→∞

1
n

log P
(
An

ε (u1, . . . , um)
)

= lim
ε→0

lim sup
n→∞

1
n

log P
(
Bn

ε (u1, . . . , um)
)

= lim
ε→0

lim inf
n→∞

1
n

log P
(
Bn

ε (u1, . . . , um)
)

= −
( m∑

k=1

Kc(uk) + Lc

( m∑
k=1

uk

))
.

2. If
∑m

k=1 uk < 1− 1/c, then

lim
ε→0

lim sup
n→∞

1
n

log P
(
An

ε (u1, . . . , um)
)

= lim
ε→0

lim inf
n→∞

1
n

log P
(
An

ε (u1, . . . , um)
)

= −
( m∑

k=1

Kc(uk) + Lc

( m∑
k=1

uk

))
,

and

lim
ε→0

lim sup
n→∞

1
n

log P
(
Bn

ε (u1, . . . , um)
)

= lim
ε→0

lim inf
n→∞

1
n

log P
(
Bn

ε (u1, . . . , um)
)

= −
( m∑

k=1

Kc(uk) + Mc

( m∑
k=1

uk

))
.

We note that part 2 constitutes a non-void statement only for the supercritical case c > 1. As
an interesting consequence of the theorem, we mention the following 0-1 law: if

∑m
k=1 uk ≥ 1−1/c,

then
lim
ε→0

lim inf
n→∞

P
(
Bn

ε (u1, . . . , um)|An
ε (u1, . . . , um)

)
= 1,

while if
∑m

k=1 uk < 1− 1/c, then

lim
ε→0

lim sup
n→∞

P
(
Bn

ε (u1, . . . , um)|An
ε (u1, . . . , um)

)
= 0.

In particular, provided there exists one component of size close to nu, with probability tending to
1 there exists no other giant component for u ≥ 1−1/c and there exists one more giant component
for u < 1− 1/c.

Another contribution of the paper is an introduction of a new approach in the problem, which
reveals a surprising connection with queueing theory. While previous approaches heavily rely on
combinatorial arguments, we make no use of them. The stated large deviation results are derived as
consequences of the large deviation principle for a stochastic process that models the formation of
the connected components and builds on an earlier construction of a similar sort, see, e.g., Janson,
Luczak and Rucinski [7]. This stochastic process asymptotically has the same behaviour as the
waiting time process in a certain queueing system with state-dependent arrivals, and the connected
components correspond to the busy cycles in this queueing system. The connection allows us to
capitalise in our analysis on the techniques developed earlier in the queueing theory framework,
Puhalskii [9], as well as to make use of our intuition for large deviations of queues. Furthermore,
the local-time-at-zero process corresponds to the number of connected components. Thus, our
approach also recovers the results of Stepanov [12] on the logarithmic asymptotics of the moment
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generating function of the number of connected components in a random graph. We then translate
the large deviation results for the process into the assertions on the large-deviation behaviour of
the connected components. As one of the consequences of our results, we derive the large deviation
principle for the largest component obtained earlier by O’Connell [8] by different methods.

The techniques used in the paper have broader implications. Though the described stochastic
process unambiguously specifies the size of all the connected components of the random graph, the
corresponding dependence is not expressed by a continuous (or almost continuous) mapping so that
one cannot apply the contraction principle. Thus, we have to carry out more delicate analysis by
establishing the asymptotics for suitable subsets and supsets of An

ε (u1, . . . , um) and Bn
ε (u1, . . . , um)

first, and relying on them to derive the asserted limits. By using similar methods one should be able
to analyse the large deviations of busy cycles in a queueing system for which the large-deviation
analysis of the waiting-time (or queue-length) process has been carried out (e.g., as in Puhalskii [9]).

The crucial argument in proving the LDP for the basic process is provided by the large deviation
theory of semimartingales, Puhalskii [10]. The LDP involves a degenerate cumulant, which is
known to present certain complications in proving the LD lower bound and is usually tackled via
a perturbation approach: one perturbs the stochastic process in question so that the perturbed
process has a non-degenerate cumulant and then takes a limit in the lower bound for the perturbed
process as the perturbation tends to zero. The perturbation typically depends on the process and
has to be introduced on a case-by-case basis. Our approach, instead of studying the upper and
lower bounds, requires that the limiting maxingale problem have a unique solution. When the
cumulant is degenerate, no general uniqueness results are available. As in the standard approach
to the LD lower bound, we prove that the maxingale problem associated with the random graph
has a unique solution by using the idea of perturbation as well. The difference, however, is that
we perturb the (limit) maxingale problem. Therefore, if different stochastic frameworks lead to
the same maxingale problem (which is quite common), for which uniqueness has been proved,
no case-specific perturbation is needed. In order to prove the uniqueness we invoke methods of
idempotent probability theory: we represent solutions to the perturbed maxingale problems as the
laws of idempotent processes, which solve certain equations. Any solution of the original maxingale
problem is a weak solution of the limit equation obtained as the perturbation magnitude tends
to zero. The solution of the latter equation being unique, signifies the solution to the maxingale
problem is unique. Interestingly, we draw on Ethier and Kurtz [5, Chapter 6] for the particular
technical implementation, so we use probabilistic ideas in an idempotent probability setting.

We now outline the structure of the paper. The next section contains the construction of
and the large deviation limit theorems for the basic stochastic process. Section 3 is concerned
with proving Theorem 1.1. Section4 contains some large deviation results on the size of the largest
component. Section 5 studies large deviation asymptotics for the number of connected components.
The appendix contains auxiliary results.

2 The model equation and large deviations of the underlying pro-
cess

We model the growth of the giant component of a sparse random graph on n vertices with edge
probability c/n by a stochastic process that extends a branching process construction described
in Janson, Luczak and Rucinski [7]. The process, denoted by V n = (V n

i , i = 0, 1, . . . , n), evolves
in discrete time and starts at V n

0 = 0. At time 1 an arbitrary vertex of the graph is picked and
is connected by an edge to the other vertices independently with probability c/n, after which the
vertex is called “saturated” and the vertices, to which it has been connected, are called “non-
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saturated”; all thus produced vertices are called “generated”. The value V n
1 is the number of

vertices in the resulting connected component, i.e., the number of the generated vertices. At
time 2 we pick one of the generated non-saturated vertices if any and “saturate” it as before by
connecting it independently with probability c/n to the vertices that haven’t been generated yet; if
there are no generated non-saturated vertices, we pick an arbitrary non-generated vertex, declare
it generated and saturate it. We denote as V n

2 the number of vertices in the resulting component,
which is the total number of vertices generated at times 1 and 2. We proceed in this manner by
saturating one vertex each time-step until “time” n. By construction, the sizes of the connected
components of the configuration of edges at time n have the same distribution as the sizes of the
connected components of the random graph G(n, c/n). Also, the sizes of the connected components
are recovered from the process V n as the times elapsed between the moments when V n

i becomes
equal to i, because these are the moments when there are no non-saturated vertices left. Besides,
the number of connected components equals the number of times when all the generated vertices
have been saturated. Therefore, the vertex-process V n captures the probabilistic properties of the
connected components of G(n, c/n).

Since at time i there are i saturated vertices and V n
i − i generated non-saturated vertices, the

evolution of V n is given by the following recursion

V n
i =

(
V n

i−1 +
n−V n

i−1∑
j=1

ξn
ij

)
1(V n

i−1 > i− 1) +
(
1 +

n−i∑
j=1

ξn
ij

)
1(V n

i−1 = i− 1),

i = 1, 2, . . . , n, V n
0 = 0, (2.1)

where the ξn
ij are independent Bernoulli random variables with P (ξn

ij = 1) = c/n and 1(A) is the
indicator function of event A that equals 1 on A and 0 outside of A. Let Wn

i denote the number
of non-saturated generated vertices at time i. Since

Wn
i = V n

i − i, (2.2)

(2.1) implies that

Wn
i =

(
Wn

i−1 +
n−W n

i−1−(i−1)∑
j=1

ξn
ij − 1

)
1(Wn

i−1 > 0) +
n−i∑
j=1

ξn
ij 1(Wn

i−1 = 0),

i = 1, 2, . . . , n, Wn
0 = 0. (2.3)

We use for the analysis of the solution of (2.3) the following observation. Let us introduce a related
process W̃n = (W̃n

i , i = 1, 2, . . . , n) by

W̃n
i =

(
W̃n

i−1 +
n−W̃ n

i−1−(i−1)∑
j=1

ξn
ij − 1

)+
, i = 1, 2, . . . , n, W̃n

0 = 0, (2.4)

where a+ = max{a, 0}. A simple induction argument shows that W̃n
i ≤ Wn

i ≤ W̃n
i + 1, i =

0, 1, . . . , n, so the asymptotic properties of Wn (and hence V n) multiplied by a vanishing constant
are the same as those of W̃n. We note that W̃n

i is the waiting time of the i-th request, where

i = 0, 1, . . . , n− 1, in a queueing system that starts empty, has
∑n−W̃ n

i −i
j=1 ξn

i+1,j as the ith request’s
service time and 1 as the interarrival times. (Alternatively, W̃n

i can be considered as the queue
length at time i = 0, 1, . . . , n for a discrete-time queueing system that serves one request per unit
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time, the number of arrivals in [i, i+1] being equal to
∑n−W̃ n

i −i
j=1 ξn

i+1,j .) The connected components
of the random graph correspond to the busy cycles of the queueing system.

There is a large body of techniques developed for analysing equations of the form (2.4). For
example, the solution of (2.4) is known to be given by W̃n = R(S̃n), where the process S̃n =

(S̃n
i , i = 0, 1, . . . , n) with S̃n

0 = 0 is defined for i = 1, 2, . . . , n by S̃n
i =

∑i
k=1

∑n−W̃ n
k−1−(k−1)

j=1 ξn
kj − i,

and R is Skorohod’s reflection operator: R(x)t = x0 − infs∈[0,t] xs ∧ 0. However, we find it more
convenient to work directly with Wn.

A manipulation of (2.3) yields the following equality:

Wn
i = Sn

i + εn
i + Φn

i , i = 1, 2, . . . , n, Wn
0 = 0, (2.5)

where

Sn
i =

i∑
k=1

(n−W n
k−1−(k−1)∑
j=1

ξn
kj − 1

)
, (2.6)

εn
i = 1− 1(Wn

i = 0)−
i∑

k=1

ξn
k,n−k+1 1(Wn

k−1 = 0), (2.7)

Φn
i =

i∑
k=1

1(Wn
k = 0). (2.8)

Hence,
Wn = R(Sn + εn), (2.9)

which paves the way for the following theorem.
Let us introduce the continuous-time processes W

n = (Wn
bntc/n, t ∈ [0, 1]), Φn = (Φn

bntc/n, t ∈
[0, 1]), and S

n = (Sn
bntc/n, t ∈ [0, 1]). These processes are considered as random elements of

DC([0, 1]) that is the space of right-continuous with left-hand limits real-valued functions equipped
with uniform metric. We introduce more notation. We denote by ẋt the derivative of an absolutely
continuous function x = (xt, t ∈ [0, 1]) ∈ DC([0, 1]) at t; “almost everywhere (a.e.)” in the below
statement refers to the Lebesgue measure; we let 0/0 = 0. We also denote by D(R+) the space
of real-valued right-continuous with left-hand limits functions on R+, which is equipped with the

Skorohod topology. For a sequence of random variables αn we write αn P 1/n

→ 0 if limn→∞
(
P (|αn| >

ε)
)1/n = 0 for arbitrary ε > 0. We let e = (t, t ∈ R+).

Theorem 2.1. The processes S
n and W

n satisfy large deviation principles (LDPs) in DC([0, 1])
with respective action functionals IS and IW given by

IS(x) =

1∫
0

(
(ẋt + 1) log

ẋt + 1
c(1− t−R(x)t)

− (ẋt + 1) + c(1− t−R(x)t)
)
dt

for absolutely continuous x = (xt, t ∈ [0, 1]) ∈ DC([0, 1]) with x0 = 0, R(x)t ≤ 1 − t, and ẋt ≥
−1 a.e., t ∈ [0, 1], and IS(x) = ∞ for other x, and

IW (x) =

1∫
0

(
(ẋt + 1) log

ẋt + 1
c(1− t− xt)

− (ẋt + 1) + c(1− t− xt)
)
1(xt > 0) dt
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+

(1−1/c)+∫
0

(
− log(c(1− t))− 1 + c(1− t)) 1(xt = 0) dt

for absolutely continuous x = (xt, t ∈ [0, 1]) ∈ DC([0, 1]) with x0 = 0, xt ∈ [0, 1 − t], and ẋt ≥
−1 a.e., t ∈ [0, 1], and IW (x) = ∞ for other x.

We preview the proof by reminding the reader a characterisation of reflection (see, e.g., Puhalskii
[9], Puhalskii and Whitt [11]).

Lemma 2.1. Let y be an absolutely continuous function with ẏt ≥ −1 a.e. Then x = R(y) if and
only if x is absolutely continuous and ẋt = ẏt + γt a.e., where γt ∈ [0, 1] and γt = 0 for xt > 0.
Also ẋt = 0 a.e. on the set {xt = 0}

Proof of Theorem 2.1. Let An = (An
t , t ∈ [0, 1]) be defined by

An
t =

1
n

bntc∑
k=1

n−W n
k−1−(k−1)∑
j=1

ξn
k,j . (2.10)

Our first step is to prove that the An as elements of DC([0, 1]) satisfy an LDP with action functional

IA(x) =

1∫
0

(
ẋt log

ẋt

c(1− t−R(x− e)t)
− ẋt + c(1− t−R(x− e)t)

)
dt (2.11)

if x is absolutely continuous, x0 = 0, ẋt ≥ 0 a.e., and R(x−e)t ≤ 1−t for t ∈ [0, 1], and IA(x) = ∞
otherwise.

Let us extend the An to processes A
n defined on R+ by letting A

n
t = An

t∧1 and show that
the A

n satisfy the hypotheses of Theorem 5.1.5 in Puhalskii [10]. We define σ-algebras Fn
t , t ∈

R+, as the σ-algebras generated by the random variables ξn
kj , k = 1, 2, . . . , bn(t ∧ 1)c, j ∈ N,

completed with sets of P -measure zero, and introduce the filtrations Fn = (Fn
t , t ∈ R+). By

(2.10) A
n is a totally discontinuous Fn-adapted semimartingale with predictable measure of jumps(

νn([0, t], Γ), t ∈ R+, Γ ∈ B(R)
)

given by

νn([0, t], Γ) =
bn(t∧1)c−1∑

k=0

Fn
(
1−W

n
k/n − k/n, n(Γ \ {0})

)
,

where

Fn(s, Γ′) = P
(bnsc∑

j=1

ξn
1j ∈ Γ′

)
, Γ′ ∈ B(R). (2.12)

Since the jumps of A
n are bounded from above by 1, A

n satisfies the Cramér condition, so its
stochastic (or Doléans-Dade) exponential is well defined. Noting that the first predictable charac-
teristic of A

n has the form

Bn
t =

c

n

bn(t∧1)c−1∑
k=0

(
1−W

n
k/n −

k

n

)
,
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and the continuous martingale part of A
n equals 0, we have that the stochastic exponential is given

by

En
t (λ) =

bn(t∧1)c∏
k=1

(
1 +

∫
R

(
eλx − 1

)
νn

({k

n

}
, dx

))
=

bn(t∧1)c−1∏
k=0

∫
R

eλx Fn
(
1−W

n
k/n −

k

n
, n dx

)
.

By (2.9), (2.6) and (2.10)
W

n = R(An − en + εn), (2.13)

where en = (bntc/n, t ∈ R+), εn = (εn
t , t ∈ R+), and εn

t = εn
bn(t∧1)c/n. Hence, recalling the fact

that the ξn
i are Bernoulli and equal 1 with probability c/n, we have

1
n

log En
t (nλ) = n log

(
1 + (eλ − 1)

c

n

) t∧1∫
0

(
1−R(An − en + εn)s −

bnsc
n

)
ds.

It is straightforward to see that

sup
t∈R+

|εn
t |

P 1/n

→ 0 as n →∞. (2.14)

Thus, denoting

Gt(λ,x) = c(eλ − 1)

t∧1∫
0

(1−R(x− e)s − s) ds, (2.15)

we have that for arbitrary δ > 0 and T > 0

sup
t∈[0,T ]

| 1
n

log En
t (nλ)−Gt(λ, A

n)| P 1/n

→ 0 as n →∞.

Since Gt(λ,x) satisfies the uniform continuity and majoration conditions of Theorem 5.1.5 of [10],
by the theorem the sequence of laws of the A

n on space D(R+) is C-exponentially tight (of order
n), and its every large deviation accumulation point solves the maxingale problem (0, G) with
G =

(
Gt(λ,x), t ∈ R+, λ ∈ R,x ∈ C(R+)

)
. Let deviability ΠA on C(R+) be a solution of (0, G).

We prove that ΠA(x) = exp(−IA(p1x)), x ∈ D(R+), where (p1x)t = xt∧1. The idea is to show that
the equation

At = NLt(A), t ∈ R+, Π-a.e., (2.16)

where N is idempotent Poisson and

Lt(x) = c

t∧1∫
0

(1−R(x− e)s − s) ds,

has a (weak) solution A with idempotent distribution ΠA. In more detail, let Ω = C(R+)×C(R+)
with canonical component processes A = (At(x,x′), t ∈ R+, (x,x′) ∈ Ω) and N = (Nt(x,x′), t ∈
R+, (x,x′) ∈ Ω) defined by the respective equalities At(x,x′) = xt and Nt(x,x′) = x′t. We will prove
that there exists deviability Π on Ω such that A and N satisfy (2.16) Π-a.e., supx′∈C(R+) Π(x,x′) =
ΠA(x) and supx∈C(R+) Π(x,x′) = ΠN (x′). After that we will draw on Ethier and Kurtz [5, Theorem
1.1, Chapter 6] to conclude that (2.16) has a unique solution. The reasoning used to establish (2.16)
is also along the lines of the approaches developed in [5].
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Let us first note that since 1 − R(An − en − εn)s − bnsc/n ≥ 0 for all s and (2.14) holds, we
have that 1−R(A− e)s − s ≥ 0 ΠA-a.e., so

Lt(x) = L̃t(x) ΠA-a.e., (2.17)

where

L̃t(x) = c

t∧1∫
0

(1−R(x− e)s − s)+ ds.

Given ε > 0, we define an idempotent process Aε = (Aε
t(x,x′), t ∈ R+, (x,x′) ∈ Ω) on Ω by

Aε
t(x,x′) = At(x,x′) + x′εt (2.18)

and let
Gε

t(λ; (x,x′)) = Gt(λ; x) + (eλ − 1)εt.

Deviability ΠA being a solution of the maxingale problem (0, G) signifies that the idempotent
process

(
exp(λxt −Gt(λ; x)), t ∈ R+,x ∈ C(R+)

)
is a local exponential maxingale on (C(R+), ΠA)

adapted to the canonical τ -flow A = (At, t ∈ R+). Also,
(
exp(λx′εt − (eλ − 1)εt), t ∈ R+,x′ ∈

C(R+)
)

is a local exponential maxingale on (C(R+), ΠN ) adapted to the τ -flow Aε = (Aεt, t ∈
R+) Therefore, under product deviability ΠA × ΠN the process

(
(λAε

t(x,x′) − Gε
t(λ; (x,x′)), t ∈

R+, (x,x′) ∈ Ω
)

is a local exponential maxingale on Ω relative to the canonical τ -flow F = (Ft, t ∈
R+). Let

σε
t(x,x′) = inf{s ∈ R+ : L̃s(x) + εs ≥ t}. (2.19)

The idempotent variable σε
t is a finite idempotent F-stopping time and Gε

σε
t (x,x′)(λ; (x,x′)) =

(eλ − 1)t, so the process
(
exp(λN ε

t (x,x′) − (eλ − 1)t), t ∈ R+, (x,x′) ∈ Ω
)
, where N ε

t (x,x′) =
Aε

σε
t (x,x′)(x,x′), is a local exponential maxingale relative to the flow Fε = (Fσε

t
, t ∈ R+), which

implies by Lemma 2.4.20 in [10] that N ε = (N ε
t (x,x′), t ∈ R+, (x,x′) ∈ Ω) is an Fε-Poisson idem-

potent process, so it is a Poisson idempotent process. In view of (2.18) and (2.19) we can thus
write that ΠA ×ΠN -a.e.

At + x′εt = N ε
Lt(A)+εt, t ∈ R+. (2.20)

The pair (A,N ε) specifies a mapping of Ω into itself. Let Πε denote the image of ΠA × ΠN under
this mapping, i.e., Πε(x,x′) = sup(y,y′)∈Ω: A(y,y′)=x,

Nε(y,y′)=x′
ΠA(y)ΠN (y′); briefly, Πε is the joint idempotent

distribution of (A,N ε) on Ω. The net Πε, ε > 0, is tight as ε → 0. Let Π denote an accumulation
point of the Πε. By (2.20) for T > 0 and η > 0, using the fact that x′ and N ε are Poisson under
ΠA ×ΠN ,

Πε
(

sup
t∈[0,T ]

|xt − x′Lt(x)| ≥ η
)

= (ΠA ×ΠN )
(

sup
t∈[0,T ]

|At −N ε
Lt(A)| ≥ η

)
≤ (ΠA ×ΠN )( sup

t∈[0,T ]
|x′εt| ≥ η/2) ∨ (ΠA ×ΠN )( sup

s,t∈[0,cT ]:
|s−t|≤εT

|N ε
s −N ε

t | ≥ η/2) = ΠN (x′εT ≥ η/2).

By the Markov inequality ΠN (x′εT ≥ η/2) ≤ (e − 1)εT/eη/2, hence, limε→0 Πε
(
supt∈[0,T ]|xt −

x′Lt(x)| ≥ η
)

= 0. Since supt∈[0,T ]|xt−x′Lt(x)| is a continuous function of x ∈ C(R+) and x′ ∈ C(R+),
we thus conclude that Π

(
supt∈[0,T ]|xt − x′Lt(x)| ≥ η

)
= 0, so Π

(
supt∈[0,T ]|xt − x′Lt(x)| > 0

)
=

supη>0 Π
(
supt∈[0,T ]|xt − x′Lt(x)| ≥ η

)
= 0, which is equivalent to (2.16) by A and N being the

respective first and second component processes on Ω.
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The argument of the proof of Ethier and Kurtz [5, Theorem 1.1, Ch. 6] (the theorem itself does
not apply unfortunately) allows us to conclude that (2.16) has a unique solution for A given by
At = Nσt(N), where σt(x′) = inf

{
s ∈ R+ :

∫ s
0

(
(1 − R(x′ − e)r − r)+

)−1
dr ≥ t

}
∧ 1. Therefore,

Π(x,x′) = 0 if (xt, t ∈ R+) 6= (x′σt(x′)
, t ∈ R+), so Π(x,x′) = ΠN (x′) if (xt, t ∈ R+) = (x′σt(x′)

, t ∈
R+), and we can write

ΠA(x) = sup
x′

Π(x,x′) = sup
x′:xt=x′

σt(x
′)

ΠN (x′) = sup
x′:xt=x′

Lt(x)

ΠN (x′). (2.21)

Recalling that ΠN (x′) = exp(−IN (x′)), where IN (x′) =
∫∞
0 (ẋ′t log ẋ′t − ẋ′t + 1) dt if x′ is absolutely

continuous, x′0 = 0, and ẋ′t ≥ 0 a.e., and IN (x′) = ∞ otherwise, we derive by using a change of
variables that the right-most side of (2.21) equals exp(−IA(p1x)), as required. Thus, the processes
A

n satisfy an LDP in D(R+) with action functional IA ◦ p1. By the contraction principle the An

satisfy an LDP in D([0, 1]) with IA. The An being random elements of DC([0, 1]) implies the LDP
for the uniform topology. The LDP for the An has been proved. The LDP for the S

n follows by
the equality S

n = An − e (see (2.13) and (2.10)) and the contraction principle.
We now consider W

n. By (2.13), (2.14) and the contraction principle the W
n satisfy an LDP

with action functional IW (x) = infy:x=R(y) IS(y), so IW (x) = ∞ if either of the conditions x0 = 0
or xt ∈ [0, 1− t] for t ∈ [0, 1] is not satisfied. Assume now that both these conditions hold. Since y
in the latter inf has to be absolutely continuous in order for IS(y) to be finite, so does x in order
for IW (x) to be finite. In particular, since ẏt ≥ −1 a.e., we have that ẋt ≥ −1 a.e. Thus, for x
such that x0 = 0, xt ∈ [0, 1 − t] when t ∈ [0, 1], and ẋt ≥ −1 a.e. on [0, 1] we have by Lemma 2.1
and Puhalskii [9]

IW (x) = inf
y:x=R(y)

IS(y)

= inf
(γt): γt∈[0,1],

γtxt=0, t∈[0,1]

1∫
0

(
(ẋt − γt + 1) log

ẋt − γt + 1
c(1− t− xt)

− (ẋt − γt + 1) + c(1− t− xt)
)
dt

=

1∫
0

inf
γ∈[0,1]:
γxt=0

(
(ẋt − γ + 1) log

ẋt − γ + 1
c(1− t− xt)

− (ẋt − γ + 1) + c(1− t− xt)
)
dt

=

1∫
0

(
(ẋt + 1) log

ẋt + 1
c(1− t− xt)

− (ẋt + 1) + c(1− t− xt)
)
1(xt > 0) dt

+

1∫
0

inf
γ∈[0,1]

(
(1− γ) log

1− γ

c(1− t)
− (1− γ) + c(1− t)

)
1(xt = 0) dt

=

1∫
0

(
(ẋt + 1) log

ẋt + 1
c(1− t− xt)

− (ẋt + 1) + c(1− t− xt)
)
1(xt > 0) dt

+

(1−1/c)+∫
0

(
− log(c(1− t))− 1 + c(1− t)

)
1(xt = 0) dt.
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Remark 2.1. We have thus proved that the (Wn
, S

n) large deviation converge at rate n as n →∞
on D([0, 1], R2) to the idempotent processes (W,S) given by the equations

W = R(S), St = N∫ t
0 (1−s−Ws) ds − t.

3 Asymptotics of the giant component

In this section we prove Theorem 1.1. We start with auxiliary results.

Lemma 3.1. Let c > 1. If u ∈ [1 − 1/c, 1], then the function Kc(x) + Lc(u + x) is strictly
increasing for x ∈ [0, 1−u). If u ∈ (0, 1−1/c), the function Kc(x)+Lc(u+x) is strictly decreasing
for x ∈ [1 − 1/c, x∗] and strictly increasing for x ∈ [x∗, 1 − u), where x∗ is the solution of the
equation

x

1− e−cx
= 1− u. (3.1)

Also Kc(x∗) + Lc(u + x∗) = Lc(u).

We defer the proof to the appendix.
Let Ã denote the set of absolutely continuous x with ẋr ≥ −1 a.e. and 1 − r −R(x)r ≥ 0 on

[0, 1], and let, given 0 ≤ s ≤ t ≤ 1 and x ∈ Ã,

IS
s,t(x) =

t∫
s

(
(ẋr + 1) log

ẋr + 1
c(1− r −R(x)r)

− (ẋr + 1) + c(1− r −R(x)r)
)
dr,

Ĩs,t = inf
x∈Ã:R(x)t=R(x)s=0,

xr≥xs, r∈[s,t]

IS
s,t(x). (3.2)

Lemma 3.2. The infimum in (3.2) is attained at

x̂s,t(r) = xs + s− r +
t− s

1− e−c(t−s)

(
1− e−c(r−s)

)
, r ∈ [s, t] (3.3)

and is given by
Ĩs,t = Kc(t− s) + Lc(t)− Lc(s). (3.4)

Proof. Noting that in (3.2) R(x)r = xr −xs, the claim follows by the Lagrange multipliers method
applied to the convex function

∫ t
s

(
zr log(zr/yr) − zr + yr

)
dr with constraints ys = 0, yt = t − s,

yr ≥ 0, zr ≥ 0, and yr = c(1−
∫ s
0 zp dp), r ∈ [s, t].

Proof of Theorem 1.1. Let us begin by establishing the upper bounds. For fixed ε > 0, m ∈ N,
and uk ∈ (0, 1], k = 1, 2, . . . ,m, such that

∑m
k=1 uk ≤ 1, let us denote by Âε(u1, . . . , um) the set

of functions x ∈ DC([0, 1]) starting at zero for which there exist points 0 = t0 ≤ t1 ≤ t2 ≤ . . . ≤
t2m ≤ 1 = t2m+1 with |t2i − t2i−1 − ui| ≤ ε, i = 1, 2 . . . , m such that R(x)t2i−1 = R(x)t2i = 0 and
xt ≥ xt2i−1 for t ∈ [t2i−1, t2i]. By the construction of Wn, if there exists a connected component of
size l of the random graph, then there exist natural numbers σn and τn ranging in {0, 1, 2, . . . , n}
such that τn − σn = l, Wn

σn = 0, Wn
τn = 0, and Wn

i ≥ 1 for i = σn + 1, . . . , τn − 1. Since in view of
(2.3), (2.6), and (2.7) Wn

i = (Sn
i +εn

i )−(Sn
σn +εn

σn) for i ∈ [σn, τn], we have that Sn
i +εn

i ≥ Sn
σn +εn

σn

on [σn, τn]. Therefore, recalling (2.9), we have that An
ε (u1, . . . , um) ⊂ {Sn + εn ⊂ Âε(u1, . . . , um)}.

The set Âε(u1, . . . , um) being closed in DC([0, 1]) implies by Theorem 2.1 and (2.14) that
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lim sup
n→∞

1
n

log P (An
ε (u1, . . . , um)) ≤ lim sup

n→∞

1
n

log P (Sn + εn ⊂ Âε(u1, . . . , um))

≤ − inf
x∈Âε(u1,...,um)

IS(x).

Let Â(u1, . . . , um) denote the set Âε(u1, . . . , um) corresponding to ε = 0. Thus, Â(u1, . . . , um)
consists of functions x ∈ DC([0, 1]) starting at zero for which there exist points 0 = t0 ≤ t1 ≤ t2 ≤
. . . ≤ t2m ≤ 1 = t2m+1 with t2i − t2i−1 = ui, i = 1, 2 . . . , m such that R(x)t2i−1 = R(x)t2i = 0 and
xt ≥ xt2i−1 for t ∈ [t2i−1, t2i]. Since ∩ε>0Âε(u1, . . . , um) = Â(u1, . . . , um), we have that

lim sup
ε→0

lim sup
n→∞

1
n

log P (An
ε (u1, . . . , um)) ≤ − inf

x∈Â(u1,...,um)
IS(x). (3.5)

We now evaluate the infimum on the right of (3.5). Letting

Îs,t = inf
x∈Ã:R(x)t=R(x)s=0

IS
s,t(x), (3.6)

we have in view of (3.2) that it can be written as

inf
x∈Â(u1,...,um)

IS(x) = inf
(ti)

( m∑
i=1

Ĩt2i−1,t2i +
m∑

i=0

Ît2i,t2i+1

)
. (3.7)

As it follows by the proof of Theorem 2.1,

Îs,t = inf
x∈Â:xt=xs=0

IW
s,t(x), (3.8)

where Â is the set of trajectories x that are absolutely continuous, nonnegative and ẋt ≥ −1 a.e.,
and

IW
s,t(x) =

t∫
s

(
(ẋr + 1) log

ẋr + 1
c(1− r − xr)

− (ẋr + 1) + c(1− r − xr)
)
1(xr > 0) dr

+

t∧(1−1/c)+∫
s∧(1−1/c)+

(
− log(c(1− r))− 1 + c(1− r)) 1(xr = 0) dr. (3.9)

Thus, Îs,t = Ĩs,t if t ≤ (1− 1/c)+ and Îs,t = 0 if s ≥ (1− 1/c)+, and by (3.7)

inf
x∈Â(u1,...,um)

IS(x) = inf
(ti)

( m∑
i=1

Ĩt2i−1,t2i +
m∗−1∑
i=0

Ĩt2i,t2i+1 + Ît2m∗ ,t2m∗+1

)
, (3.10)

where m∗ is minimal i such that t2i+1 ≥ (1−1/c)+. Let us consider Ît2m∗ ,t2m∗+1
. If t2m∗ ≥ (1−1/c)+,

then Ît2m∗ ,t2m∗+1
= 0. Let us assume that t2m∗ < (1 − 1/c)+. Let x be a nonnegative trajectory

with xt2m∗ = xt2m∗+1 = 0 that delivers the value of Ît2m∗ ,t2m∗+1
. Then x can be assumed to be

positive on (t2m∗ , (1 − 1/c)+) since otherwise we can consider the trajectory that is optimal on
[t2m∗ , (1− 1/c)+] for values at the end points equal to 0 and extend it by 0 to [(1− 1/c)+, t2m∗+1],
the cost associated with this trajectory being not greater than that for x. Now if x equals 0 at some
x∗ ∈ [(1− 1/c)+, t2m∗+1], then it is optimal to assume that it equals 0 on [x∗, t2m∗+1] since the cost
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of such an extension is zero. Therefore, Ît2m∗ ,t2m∗+1
= Ĩt2m∗ ,x∗ for some x∗ ∈ [(1 − 1/c)+, t2m∗+1].

As it follows by (3.4) the derivative of Ĩs,t with respect to s for t−s fixed equals −c(t−s)− log(1−
t) + log(1 − s), so it is positive for s ≥ (1 − 1/c)+. Therefore, the first sum on the right-hand
side of (3.10) does not increase if we move all the intervals [t2i, t2i+1] for i = m∗ + 1, . . . ,m to the
left so they are arranged with no gaps to the right of x∗ beginning at x∗. By Lemma 3.2 for this
arrangement

m∑
i=1

Ĩt2i−1,t2i +
m∗−1∑
i=0

Ĩt2i,t2i+1 + Ît2m∗ ,t2m∗+1
=

m∑
i=1

Kc(ui) +
m∗∑
i=0

Kc(vi) + Lc

( m∑
i=1

ui +
m∗∑
i=0

vi

)
, (3.11)

where vi = t2i+1− t2i, i = 0, 1, . . . ,m∗−1 and vm∗ = x∗− t2m∗ . The function Kc being subadditive
implies that

∑m∗

i=0 Kc(vi) ≥ Kc

(∑m∗

i=0 vi

)
, so by (3.10) and (3.11)

inf
x∈Â(u1,...,um)

IS(x) =
m∑

i=1

Kc(ui) + inf
v≥(1−1/c−

∑m
i=1 ui)+

(
Kc(v) + Lc

( m∑
i=1

ui + v
))

. (3.12)

If
∑m

i=1 ui ≥ 1− 1/c, then by Lemma 3.1 the above infimum is attained at v = 0 and by (3.5)

lim sup
ε→0

lim sup
n→∞

1
n

log P (An
ε (u1, . . . , um)) ≤ −

( m∑
k=1

Kc(uk) + Lc

( m∑
k=1

uk

))
. (3.13)

The inclusion Bn
ε (u1, . . . , um) ⊂ An

ε (u1, . . . , um) also yields

lim sup
ε→0

lim sup
n→∞

1
n

log P (Bn
ε (u1, . . . , um)) ≤ −

( m∑
k=1

Kc(uk) + Lc

( m∑
k=1

uk

))
. (3.14)

If
∑m

i=1 ui < 1− 1/c (so c > 1), according to (3.12) we have to minimise Kc(x) + Lc(
∑m

k=1 uk + x)
over x ≥ 1 − 1/c −

∑m
i=1 ui, the minimum equals Lc(

∑m
k=1 uk) by Lemma 3.1. Thus, (3.13) holds

for this case too.
We now turn to establishing a counterpart of (3.14) when

∑m
i=1 ui < 1−1/c. Let B̂ε(u1, . . . , um)

be the subset of Âε(u1, . . . , um) of those x for which R(x)t = 0 for some t on every interval of length
ε that does not intersect with the intervals [t2i−1, t2i]. Let B̂(u1, . . . , um) be the set of those functions
x ∈ Â(u1, . . . , um) for which R(x)t = 0 for t outside of the associated intervals [t2i−1, t2i]. By (2.9),
Bn

ε (u1, . . . , um) ⊂ {Sn + εn ⊂ B̂ε(u1, . . . , um)}, so since the sets B̂ε(u1, . . . , um) are closed and
∩ε>0B̂ε(u1, . . . , um) = B̂(u1, . . . , um), we conclude in analogy with (3.5) that

lim sup
ε→0

lim sup
n→∞

1
n

log P (Bn
ε (u1, . . . , um)) ≤ − inf

x∈B̂(u1,...,um)
IS(x). (3.15)

Let
Js,t = inf

x∈Ã:R(x)r=0, r∈[s,t]
IS
s,t(x).

Then

Js,t =

t∧(1−1/c)∫
s∧(1−1/c)

(
− log(c(1− r))− 1 + c(1− r)) dr

= −(t− s) log c− c(t− s)2

2
+ c(t− s)(1− s) + (1− t) log(1− t)− (1− s) log(1− s). (3.16)
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In analogy with (3.7) and (3.10) we can write

inf
x∈B̂(u1,...,um)

IS(x) = inf
(ti)

( m∑
i=1

Ĩt2i−1,t2i +
m∗∑
i=0

Jt2i,t2i+1

)
, (3.17)

where, as above, m∗ is minimal i such that t2i+1 ≥ 1 − 1/c. In effect, since Js,t = 0 for s to the
right of 1− 1/c, we can assume that t2m∗+1 = 1− 1/c. As in the case of the event Â, the total cost
can only decrease if all the intervals [t2i−1, t2i], i = m∗ + 1, . . . ,m are arranged next to each other
starting at 1− 1/c. Next, a calculation using (3.4) and (3.16) shows that for such an arrangement

m∑
i=1

Ĩt2i−1,t2i +
m∗∑
i=0

Jt2i,t2i+1 =
m∑

i=1

Kc(ui) + Lc

( m∑
i=1

ui +
m∗∑
i=0

vi

)
−

m∗∑
i=0

vi log c, (3.18)

where vi = t2i+1 − t2i. The right-hand side of (3.18) is a monotonically increasing function of∑m∗

i=0 vi, so the minimum is attained at 1− 1/c−
∑m

i=1 ui, and we obtain by (3.15) and (3.17) that

lim sup
ε→0

lim sup
n→∞

1
n

log P (Bn
ε (u1, . . . , um)) ≤ −

( m∑
i=1

Kc(ui) + Mc

( m∑
i=1

ui

))
.

The proofs of the upper bounds are over.
Let us consider the lower bounds and begin again with the case

∑m
i=1 ui ≥ 1− 1/c. Let s0 = 0

and sk =
∑k

i=1 ui, k = 1, . . . ,m. We define motivated by Lemma 3.2 for ε ∈ (0, mink=1,...,m uk)

x̆ε
0 = 0, x̆ε

t = x̆ε
sk−1

+ sk−1 − t +
uk − ε/3

1− e−c(uk−ε/3)

(
1− e−c(t−sk−1)

)
, t ∈ [sk−1, sk], k = 1, . . . ,m,

x̆ε
t = x̆ε

sm
+ (c− 1)(t− sm)− c

2
(t2 − s2

m), t ∈ [sm, 1]. (3.19)

The function R(x̆) is positive on the intervals (sk−1, sk − ε/3), k = 1, 2, . . . ,m and equals zero
elsewhere. Given δ > 0, let B̆ε,δ(u1, . . . , um) denote the δ-neighbourhood of x̆ε for the uniform
metric on DC([0, 1]). It follows from the definition of the reflection mapping and x̆ε that if x ∈
B̆ε,δ(u1, . . . , um), then R(x) is positive on intervals (s̃k−1, s̃k), k = 1, 2, . . . ,m, where |s̃k−sk| < ε/3,
and the rest of the intervals where R(x) is positive are of length less than ε. Since Wn = R(Sn+εn),
we conclude that {Sn + εn ⊂ B̆ε,δ(u1, . . . , um)} ⊂ Bn

ε (u1, . . . , um). The set B̆ε,δ(u1, . . . , um) being
C([0, 1])-open in DC([0, 1]), we have, recalling (2.14),

lim inf
n→∞

1
n

log P (Bn
ε (u1, . . . , um)) ≥ lim inf

n→∞

1
n

log P (Sn + εn ⊂ B̆ε,δ(u1, . . . , um))

≥ − inf
x∈B̆ε,δ(u1,...,um)

IS(x) ≥ −IS(x̆ε). (3.20)

By (3.19) IS(x̆ε) →
∑m

k=1 Kc(uk) + Lc

(∑m
k=1 uk

)
as ε → 0, so

lim inf
ε→0

lim inf
n→∞

1
n

log P (Bn
ε (u1, . . . , um)) ≥ −

( m∑
k=1

Kc(uk) + Lc

( m∑
k=1

uk

))
. (3.21)

Since Bn
ε (u1, . . . , um) ⊂ An

ε (u1, . . . , um), we also have that

lim inf
ε→0

lim inf
n→∞

1
n

log P (An
ε (u1, . . . , um)) ≥ −

( m∑
k=1

Kc(uk) + Lc

( m∑
k=1

uk

))
.
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Let us now assume that
∑m

k=1 uk < 1−1/c and let u∗ be such that u∗/(1−exp(−cu∗)) = 1−
∑m

k=1 uk.
Then

∑m
k=1 uk + u∗ ≥ 1− 1/c, so (3.21) and Lemma 3.1 yield the bound

lim inf
ε→0

lim inf
n→∞

1
n

log P (Bn
ε (u1, . . . , um, u∗)) ≥ −

( m∑
k=1

Kc(uk) + Lc

( m∑
k=1

uk

))
,

hence, by the inclusion Bn
ε (u1, . . . , um, u∗) ⊂ An

ε (u1, . . . , um)

lim inf
ε→0

lim inf
n→∞

1
n

log P (An
ε (u1, . . . , um)) ≥ −

( m∑
k=1

Kc(uk) + Lc

( m∑
k=1

uk

))
.

We finally establish the lower bound for Bn
ε (u1, . . . , um). In analogy with the argument used for

the lower bound for the case
∑m

k=1 uk ≥ 1− 1/c, we define for ε ∈ (0, mink=1,...,m uk)

x̃ε
0 = 0, x̃ε

t = x̃ε
sk−1

+ sk−1 − t +
uk − ε/3

1− e−c(uk−ε/3)

(
1− e−c(t−sk−1)

)
, t ∈ [sk−1, sk], k = 1, . . . ,m,

x̃ε
t = x̃ε

sm
− ε(t− sm), t ∈ [sm, 1− 1/c],

x̃ε
t = x̃ε

1−1/c + (c− 1)
(
t− (1− 1/c)

)
− c

2
(
t2 − (1− 1/c)2

)
, t ∈ [1− 1/c, 1]. (3.22)

Denoting by B̃ε,δ(u1, . . . , um) the δ-neighbourhood of x̃ε for the uniform metric, we have for small
enough δ > 0 by an argument similar to the one used above that {Sn + εn ⊂ B̃ε,δ(u1, . . . , um)} ⊂
Bn

ε (u1, . . . , um), so analogously to (3.20)

lim inf
n→∞

1
n

log P (Bn
ε (u1, . . . , um)) ≥ −IS(x̃ε).

By the definition of IS and (3.22) IS(x̃ε) →
∑m

k=1 Kc(uk) + Mc

(∑m
k=1 uk

)
as ε → 0, which results

in the required inequality

lim inf
ε→0

lim inf
n→∞

1
n

log P (Bn
ε (u1, . . . , um)) ≥ −

( m∑
k=1

Kc(uk) + Mc

( m∑
k=1

uk

))
.

4 Other asymptotics

We present the LDP for the process of the sizes of the connected components of the random
graph. Let SN denote the set of decreasing sequences u = (u1, u2, . . .) of real numbers in [0, 1]
with

∑∞
i=1 ui ≤ 1; we equip SN with the topology induced by the product topology on RN. Let

(Un
1 , Un

2 , . . . , ) be the sequence of the sizes of the connected components of the nth random graph
arranged in descending order complemented with zeros, and U

n = (Un
1 /n, Un

2 /n, . . .) be the random
element of SN of the normalized sizes of the connected components.

Theorem 4.1. The sequence U
n
, n = 1, 2, . . . , satisfies the LDP in SN with action functional IU

defined for u = (u1, u2, . . .) ∈ SN by

IU (u) =


∞∑
i=1

Kc(ui) + Lc

( ∞∑
i=1

ui

)
if

∑∞
i=1 ui ≥ 1− 1/c,

∞∑
i=1

Kc(ui) + Mc

( ∞∑
i=1

ui

)
if

∑∞
i=1 ui < 1− 1/c.
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Proof. Space SN being compact, the sequence U
n is exponentially tight, so it suffices to check that

lim
ε→0

lim sup
n→∞

1
n

log P
(
d(Un

,u) ≤ ε
)

= lim
ε→0

lim inf
n→∞

1
n

log P
(
d(Un

,u) ≤ ε
)

= −I(u), (4.1)

where d is a metric on RN. Let πmu = (u1, . . . , um), u = (u1, u2, . . .), m ∈ N. Then by continuity
of πm, given δ > 0 and m ∈ N, there exists ε > 0 such that if d(Un

,u) ≤ ε, then dm(πmU
n
,u) ≤ δ,

where dm is the uniform metric on Rm, so

lim sup
n→∞

1
n

log P
(
d(Un

,u) ≤ ε
)
≤ lim sup

n→∞

1
n

log P
(

max
i=1,...,m

|Un
i /n− ui| ≤ δ

)
≤ lim sup

n→∞

1
n

log P
(
An

δ (u1, . . . , um)
)
. (4.2)

Theorem 1.1 then implies that

lim sup
ε→0

lim sup
n→∞

1
n

log P
(
d(Un

,u) ≤ ε
)
≤ −

( ∞∑
i=1

Kc(ui) + Lc

( ∞∑
i=1

ui

))
, (4.3)

proving the required upper bound for
∑∞

i=1 ui ≥ 1 − 1/c. If
∑∞

i=1 ui < 1 − 1/c, then the second
inequality in (4.2) is too crude. Given arbitrary γ > 0, let m be such that

∑∞
i=m+1 ui < γ/2. Then

we have that for suitable ε > 0,

{d(Un
,u) ≤ ε} ⊂ Bn

γ,δ(u1, . . . , um), (4.4)

where Bn
γ,δ(u1, . . . , um) is the event that there exist m connected components of sizes in (n(ui −

δ), n(ui + δ)) for i = 1, 2, . . . ,m and there are no other connected components of size greater than
nγ. Then for the set B̂γ(u1, . . . , um) defined as above we have similarly to (3.15) that

lim sup
δ→0

lim sup
n→∞

1
n

log P (Bn
γ,δ(u1, . . . , um)) ≤ − inf

x∈B̂γ(u1,...,um)
IS(x). (4.5)

The argument used for deriving (3.10) and (3.11) shows that we can write the latter inf as

inf
x∈B̂γ(u1,...,um)

IS(x) =
m∑

i=1

Kc(ui) +
m∗∑
i=0

Kc(vi) + Lc

( m∑
i=1

ui +
m∗∑
i=0

vi

)
, (4.6)

where the vi i such that vi ≤ γ and
∑m

i=1 ui +
∑m∗

i=0 vi ≥ 1− 1/c. Since |dKc(u)/du + log c| → 0 as
u → 0, we can write that

∑m∗

i=0 Kc(vi) = − log c
∑m∗

i=0 vi + η, where η is small if γ is. Therefore,

m∗∑
i=0

Kc(vi) + Lc

( m∑
i=1

ui +
m∗∑
i=0

vi

)
= η − log c

m∗∑
i=0

vi + Lc

( m∑
i=1

ui +
m∗∑
i=0

vi

)
.

As in (3.18), the minimum of the right-hand side over vi equals η + Mc

(∑m
i=1 ui

)
. Since η → 0 and∑m

i=0 ui →
∑∞

i=1 ui as γ → 0, we conclude by (4.4), (4.5), and (4.6) that

lim sup
ε→0

lim sup
n→∞

1
n

log P
(
d(Un

,u) ≤ ε
)
≤ lim sup

γ→0
lim sup

δ→0
lim sup

n→∞

1
n

log P (Bn
γ,δ(u1, . . . , um))

≤ −
( ∞∑

i=1

Kc(ui) + Mc

( ∞∑
i=1

ui

))
.
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The proof of the upper bound is over.
The argument for the lower bound is similar. Given ε > 0 and u ∈ SN, let m ∈ N be

such that {dm(πmU
n
, πmu) ≤ 2ε} ⊂ {d(Un

,u) ≤ ε}. The required then follows by the inclusion
Bn

2ε(u1, . . . , um) ⊂ {dm(πmU
n
, πmu) ≤ 2ε} and Theorem 1.1.

We next recover the result of O’Connell [8] on the LDP for the largest connected component.
Let x0 = 1 and xk, k ∈ N, for c > 1 be the solutions of the equations

xk

1− e−cxk
= 1− kxk. (4.7)

We note that xk ↓ 0 as k → ∞. Let ξn denote the size of the largest connected component of the
random graph on n vertices.

Corollary 4.1. The sequence ξn/n satisfies the LDP in [0, 1] with action functional defined by

Ic(u) =

{
kKc(u) + Lc(ku) if u ∈ [xk, xk−1], k ∈ N
Mc(0) if u = 0

when c > 1 and Ic(u) = Kc(u) + Lc(u) when c ≤ 1.

Proof. By Theorem 4.1 and the contraction principle

Ic(u) = inf
u∈O(u)

IU (u), (4.8)

where O(u) = {u ∈ SN : u1 = u}. Hence, Ic(0) = Mc(0). Let us assume now that u > 0. The
infimum in (4.8) can be actually taken over u with

∑∞
i=1 ui > 1− 1/c. Indeed, if

∑∞
i=1 ui ≤ 1− 1/c

(so, c > 1), then Lc

(∑∞
i=1 ui

)
< Mc

(∑∞
i=1 ui

)
, hence, by Lemma 3.1

∞∑
i=1

Kc(ui) + Mc

( ∞∑
i=1

ui

)
>

∞∑
i=1

Kc(ui) + Lc

( ∞∑
i=1

ui

)
=

∞∑
i=1

Kc(ui) + Kc(u∗) + Lc

( ∞∑
i=1

ui + u∗
)
,

where u∗/(1 − exp(−cu∗)) = 1 −
∑∞

i=1 ui. The claim follows since
∑∞

i=1 ui + u∗ > 1 − 1/c. We
can thus assume that in (4.8) IU (u) =

∑∞
i=1 Kc(ui) + Lc

(∑∞
i=1 ui

)
and

∑∞
i=1 ui > 1 − 1/c. Let

m∗ = min{m :
∑m

i=1 ui ≥ 1 − 1/c} and l =
∑m∗

i=1 ui. By subadditivity of Kc,
∑∞

i=m∗ Kc(ui) ≥
Kc

(∑∞
i=m∗ ui

)
; also since l > 1 − 1/c, Kc

(∑∞
i=m∗+1 ui

)
+ Lc

(∑∞
i=1 ui

)
≥ Lc(l). We thus conclude

that it is optimal to assume that ui = 0, i = m∗ + 1,m∗ + 2, . . ., which yields the required result
for c ≤ 1. We further assume that c > 1. The function Kc being concave and the fact that ui ≤ u
imply that

∑m∗

i=1 Kc(ui) ≥ b(1 − 1/c)/ucKc(u) + Kc(l − b(1 − 1/c)/ucu), where bac denotes the
integer part of a. We thus have to minimise b(1−1/c)/ucKc(u)+Kc(l−b(1−1/c)/ucu)+Lc(l) over
l ∈ [1−1/c, b(1−1/c)/ucu+u]. By Lemma 3.1 the minimum is attained at b(1−1/c)/ucu+ l∗∧u,
where l∗ satisfies

l∗

1− e−cl∗
= 1− b(1− 1/c)/ucu. (4.9)

Thus,
Ic(u) = b(1− 1/c)/ucKc(u) + Kc(l∗ ∧ u) + Lc(b(1− 1/c)/ucu + l∗ ∧ u). (4.10)

We show that this equality is consistent with the representaion of Ic(u) in the statement of the
theorem. We note that (4.7) implies that kxk < 1−1/c < (k+1)xk so that (1−1/c)/k ∈ (xk, xk−1).
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Hence, if k is such that u ∈ [xk, xk−1], then either u ∈ ((1 − 1/c)/k, xk−1] or u ∈ [xk, (1 − 1/c)/k].
In the former case b(1− 1/c)/uc = k − 1, and since

u

1− e−cu
≤ xk−1

1− e−cxk−1
= 1− (k − 1)xk−1 ≤ 1− (k − 1)u,

it follows that l∗ ≥ u and by (4.10) Ic(u) = kKc(u) + Lc(ku) as required. If u ∈ [xk, (1 − 1/c)/k],
then b(1− 1/c)/uc = k, and since

u

1− e−cu
≥ xk

1− e−cxk
= 1− kxk ≥ 1− ku,

it follows that l∗ ≤ u and by (4.10) Ic(u) = kKc(u) + Kc(l∗) + Lc(ku + l∗). The latter expression
equals kKc(u) + Lc(ku) by (1.1), (1.2), and (4.9).

Remark 4.1. Lemma 3.2 and (4.10) imply that for c > 1 the most probable configuration with the
largest component of asymptotic size nu has b(1− 1/c)/uc components of asymptotic size nu and
one component of asymptotic size n(l∗∧u). A similar observation has been made by O’Connell [8].

Remark 4.2. The expression for Ic in Theorem 3.1 of O’Connell [8] contains a typo.

5 Large deviations for the number of connected components

In this section we prove a large deviation principle for the normalised number of connected compo-
nents. As it follows by (2.8) the number of connected components equals Φn

n. We prove the large
deviation principle for Φn

n/n as a consequence of the LDP for the process Φn = (Φn
bntc/n, t ∈ [0, 1]).

Theorem 5.1. The processes Φn satisfy the LDP in DC([0, 1]) with action functional

IΦ(φ) =

1∫
0

[
(1− φ̇t) log

1− φ̇t

c(1− t)
− (1− φ̇t) + c(1− t)

]
dt +

∑
(Kc(li) + li log c) (5.1)

if φ = (φt, t ∈ [0, 1]) is absolutely continuous and nondecreasing, φ0 = 0 and φ̇t ≤ 1 a.e., where li
are the lengths of the maximal intervals where φ is constant and the summation is performed over
all such intervals, and IΦ(φ) = ∞ otherwise.

Proof. According to (2.5) and (2.9) we have that

Φn = R(Sn + εn)− Sn − εn, (5.2)

so Theorem 2.1, (2.14), and continuity of R yield by the contraction principle that Φn satisfies an
LDP in DC([0, 1]) with action functional

IΦ(φ) = inf
x: φ=R(x)−x

IS(x). (5.3)

We evaluate the right-hand side. By Lemma 2.1 we have that IΦ(φ) = ∞ if any of the conditions
that φ0 = 0, φ is nondecreasing and absolutely continuous with φ̇t ≤ 1 a.e. is not met. Let all
these conditions be met. By Lemma 2.1, on the set {t ∈ [0, 1] : φ̇t > 0} we have that R(x)t = 0
and dR(x)t/dt = 0 a.e. Therefore, by the form of IS in Theorem 2.1,
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IΦ(φ) = inf
x: φ=R(x)−x

1∫
0

(
(ẋt + 1) log

ẋt + 1
c(1− t−R(x)t)

− (ẋt + 1) + c(1− t−R(x)t)
)
dt

=

1∫
0

1(φ̇t > 0)
(
(−φ̇t + 1) log

−φ̇t + 1
c(1− t)

− (−φ̇t + 1) + c(1− t)
)
dt

+ inf
y:y0=0, 0≤yt≤1−t,

ytφ̇t=0 a.e.

1∫
0

1(φ̇t = 0)
(
(ẏt + 1) log

ẏt + 1
c(1− t− yt)

− (ẏt + 1) + c(1− t− yt)
)
dt. (5.4)

Let us consider the latter infimum and denote by A the union of maximal open intervals where φ
is constant. The function φ increasing at almost every point of the set B = {t ∈ [0, 1] : φ̇t = 0} \A
implies that an arbitrary neighbourhood of each such point contains a set of nonzero Lebesgue
measure where φ̇t > 0. Since yt = 0 at almost every t with φ̇t > 0, it follows that almost every
point of B is an accumulation point of those t where yt = 0, so by continuity of y we have that
y = 0 almost everywhere on B and by Lemma 2.1 ẏt = 0 almost everywhere on B. Thus,

inf
y:y0=0, 0≤yt≤1−t,

ytφ̇t=0 a.e.

1∫
0

1(φ̇t = 0)
(
(ẏt + 1) log

ẏt + 1
c(1− t− yt)

− (ẏt + 1) + c(1− t− yt)
)
dt

=
∫
B

(
− log

(
c(1− t)

)
− 1 + c(1− t)

)
dt

+ inf
y:y0=0, 0≤yt≤1−t,

ytφ̇t=0 a.e.

∫
A

(
(ẏt + 1) log

ẏt + 1
c(1− t− yt)

− (ẏt + 1) + c(1− t− yt)
)
dt (5.5)

If (s, t) is a maximal interval of constancy of φ, then since the y over which the infimum of the
second integral on the right of (5.5) is taken equal zero at both ends of the interval the contribution
of this interval is equal to Ĩs,t as defined by (3.2). By Lemma 3.2 Ĩs,t = Kc(t− s) + Lc(t)− Lc(s),
so the right-hand side of (5.5) equals∫

B

(
− log

(
c(1− t)

)
− 1 + c(1− t)

)
dt +

∑
Kc(li) +

∫
A

L′c(t) dt,

where L′c denotes the derivative of Lc. The assertion of the theorem follows by (5.4) via an algebraic
manipulation.

Let αn denote the number of connected components of the random graph G(n, c/n).

Theorem 5.2. The sequence αn/n satisfies the LDP in [0, 1] with action functional

Iα(a) = inf
τ∈[0,1−a]

(
(1− τ − a)

(
log(1− τ − a) + log 2− log c− 1

)
+ (2a− 1 + τ) log(1− τ)

+
c

2
(1− τ2) + τ log τ − τ log(1− e−cτ )

)
.

Remark 5.1. In fact, one can assume that τ ∈ [(1− 2a)+, 1− a].
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Remark 5.2. The derivative with respect to τ of the function in the infimum above equals

2
(

1− a

1− τ

)
− log

[
2
(

1− a

1− τ

)]
−

( cτ

1− e−cτ
− log

cτ

1− e−cτ

)
.

As a consequence, if a ≤ 1/2, then

Iα(a) = (1− a) log(1− a− τ∗)− (1− a)
(

1 + log
( c

2
))

+
c

2
(1 + τ∗2) + τ∗

+ (2a− 1) log(1− τ∗), (5.6)

where τ∗ ∈ [0, 1] is the unique solution (for τ) of the equation

cτ

ecτ − 1
= 2

(
1− a

1− τ

)
. (5.7)

If a > 1/2, then Iα(a) equals the minimum of (1− a) log(1− a)− (1− a)
(
1 + log(c/2)

)
+ c/2 and

the right-hand side of (5.6) for τ∗ being the largest solution of (5.7) in [0, 1].

Proof of Theorem 5.2. By Theorem 5.1 and the contraction principle the sequence αn/n satisfies
the LDP in [0, 1] with action functional

Iα(a) = inf
φ: φ1=a

IΦ(φ). (5.8)

We first show that the infimum is attained at a function φ that equals 0 on an interval [0, τ ] and
then strictly increases to a on [τ, 1]. The expression for IΦ given by Theorem 5.1 can be written
for a suitable function G as

IΦ(φ) =

1∫
0

G(φ̇t) dt +

1∫
0

(
c(1− t)− log(c(1− t))

)
dt +

∑
(Kc(li) + li log c) +

1∫
0

φ̇t log(1− t) dt.

Since the function log(1− t) is decreasing, the last integral on the right-hand side does not increase
if we replace φ̇ with its increasing rearrangement, DeVore and Lorentz [3, Theorem 2.1], Bennett
and Sharpley [1]. Also, if we group together all the intervals where φ̇ is constant, then

∑
Kc(li)

will not increase either by subadditivity of Kc. The first integral on the right is not affected by
the increasing rearrangement of φ̇. Therefore, the function φ̇ can be assumed to be nondecreasing,
which proves the claim. Denoting by P (τ), where τ ∈ [0, 1 − a], the set of absolutely continuous
nondecreasing functions φ such that φt = 0 for t ∈ [0, τ ], φ̇t > 0 and φ̇t ≤ 1 a.e. for t ∈ (τ, 1], and
φ(1) = a, we obtain by Theorem 5.1 and (5.8) that

Iα(a) = inf
τ∈[0,1−a]

(
inf

φ∈P (τ)

1∫
τ

f
( 1− φ̇t

c(1− t)

)
c(1− t) dt + Kc(τ) + Lc(τ)

)
, (5.9)

where f(x) = x log x−x+ 1. Let I(φ, τ) denote the integral on the right. Convexity considerations
and the condition φ1 = a provide us with the lower bound

I(φ, τ) ≥ c(1− τ)2

2
f

(
2(1− τ − a)

c(1− τ)2

)
, (5.10)

which is attained at
˙̃
φt = 1− 2(1− τ − a)

(1− τ)2
(1− t). (5.11)
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If τ ≥ 1− 2a, this function belongs to P (τ) and delivers the infimum to the integral on the right of
(5.9). However, if τ < 1−2a (hence, 2a < 1), then φ̃t is negative for t < 2− (1−τ)2/(1−τ −a)−τ .

We prove that for those τ the infimum of I(φ, τ) over φ ∈ P (τ) is not less than I(φ̂, τ), where ˙̂
φt = 0

when t ∈ [τ, 1 − 2a] and ˙̂
φt = 1 − (1 − t)/2a, when t ∈ [1 − 2a, 1]. We consider φ̇ = (φ̇t, t ∈ [0, 1])

for φ ∈ P (τ) as an element of space L1 of functions h = (ht, t ∈ [τ, 1]), with norm
∫ 1
τ |ht| c(1− t) dt

and I(φ, τ) as a functional on L1. The latter is Gateau differentiable with Gateau derivative at ˙̂
φ

given by 〈F ′( ˙̂
φ), h〉 = −

∫ 1
τ log

(
(1− ˙̂

φt)/(c(1− t))
)
h(t) dt. Therefore, for φ̇ ∈ L1 with φ̇t ∈ [0, 1] and∫ 1

τ φ̇t dt = a,

〈F ′( ˙̂
φ), φ̇− ˙̂

φ〉 =

1−2a∫
τ

log(c(1− t))φ̇t dt + log(2ac)

1∫
1−2a

(φ̇t − ˙̂
φt) dt

≥ log(2ac)

1∫
1−2a

φ̇t dt + log(2ac)

1∫
1−2a

(φ̇t − ˙̂
φt) dt = 0,

implying (see, e.g., Ekeland and Temam [4]) that I(φ̂, τ) ≤ I(φ, τ) for φ ∈ P (τ). A calculation
shows that

I(φ̂, τ) = Lc(1− 2a)− Lc(τ)− (1− 2a− τ) log c +

1∫
1−2a

f
( 1− ˙̂

φt

c(1− t)

)
c(1− t) dt,

so since Kc(τ) ≥ Kc(1− 2a) + (1− 2a− τ) log c, we have that for τ < 1− 2a

inf
φ∈P (τ)

1∫
τ

f
( 1− φ̇t

c(1− t)

)
c(1−t) dt+Kc(τ)+Lc(τ) ≥

1∫
1−2a

f
( 1− ˙̂

φt

c(1− t)

)
c(1−t) dt+Kc(1−2a)+Lc(1−2a).

On noting that φ̂ restricted to [1− 2a, 1] is an element of P (1− 2a), we conclude that the infimum
over τ in (5.9) for 2a < 1 can be taken over τ ≥ 1− 2a. Thus,

Iα(a) = inf
τ∈[(1−2a)+,1−a]

( 1∫
τ

f
( 1− ˙̃

φt

c(1− t)

)
c(1− t) dt + Kc(τ) + Lc(τ)

)

= inf
τ∈[(1−2a)+,1−a]

(
(1− τ − a) log

2(1− τ − a)
c(1− τ)2

− (1− τ − a) +
c(1− τ2)

2
+ τ log τ

+ (1− τ) log(1− τ)− τ log(1− e−cτ )
)
.

Remark 5.3. Theorem 5.1 implies in view of Varadhan’s lemma, Dembo and Zeitouni [2], that for
λ ∈ R

lim
n→∞

1
n

log Eeλαn
= G(λ, c), (5.12)

where
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G(λ, c) = sup
τ∈[(1−eλ/c)+,1]

(
λ(1− τ) +

c

2
(1− τ)2e−λ − (1− τ) log(1− τ)

− c

2
(1− τ2)− τ log τ + τ log(1− e−cτ )

)
.

This asymptotics has been obtained earlier by Stepanov [12], who carries out a detailed analysis of
function G(λ, c). In particular, it is continuous in λ for all c, differentiable for c ≤ 2, and piecewise
differentiable for c > 2, with the derivative having a jump at a point λ(c) > log c. For the latter
reason, one cannot apply Gärtner’s theorem, Gärtner [6], to derive the LDP of Theorem 5.1 from
limit (5.12) for c > 2 (while for c ≤ 2 this is possible). Moreover, the function Iα is not convex for
c > 2, so it is not a Legendre-Fenchel transform.

Remark 5.4. The proof shows that an optimal configuration for the number of connected com-
ponents of the order of na has a giant component of the size of the order of nτ for some τ ∈
[(1−2a)+, 1−a], the rest of the components being of size not greater than 1/

˙̃
φτ = (1−τ)/(2a−1+τ).

A Appendix

Proof of Lemma 3.1. Let f(x) = x − log x − 1 and φ(x) = x/(1 − e−x). Then the derivative of
Kc(x) + Lc(u + x) with respect to x equals g(y) = f(z − y) − f(φ(y)), where z = c(1 − u) and
y = cx. We have

dg

dy
=

1
z − y

− 1− 1
1− e−y

+
ye−y

1− e−y
+

1
y
− e−y

1− e−y
. (A.1)

We note that

1
1− e−y

− ye−y

1− e−y
− 1

y
+

e−y

1− e−y
=

(1
y
− 1

ey − 1

)( y

1− e−y
− 1

)
, (A.2)

where 0 < 1/y − 1/(ey − 1) < 1 and 0 < y/(1 − e−y) − 1 < y for y > 0. Thus, if u ≥ 1 − 1/c so
that z ≤ 1, we have that dg/dy > y/(y − 1) − y > 0, proving the assertion of the lemma for that
case since g(0) ≥ 0.

In the rest of the proof we assume that u < 1− 1/c, so z > 1. We note that y ∈ [z − 1, z]. The
function g(y) is negative for y = z− 1 and tends to ∞ as y ↑ z. We show that it first decreases and
then increases on [z − 1, z). Since the product in (A.2) is positive, dg/dy is negative at z − 1, so
g decreases at z − 1, also dg/dy → ∞ as y ↑ z, so g eventually increases. It thus suffices to prove
that if dg/dy ≥ 0, then d2g/dy2 > 0 for that would mean that once g has begun to increase it will
continue increasing. Calculations show that

d2g

dy2
=

1
(z − y)2

+
2e−y

(1− e−y)2
− ye−y

(1− e−y)2
− 2ye−2y

(1− e−y)3
− 1

y2
+

e−y

1− e−y
+

e−2y

(1− e−y)2
. (A.3)

By (A.1) and (A.2) the condition dg/dy ≥ 0 implies that

1
z − y

≥ 1 +
1

1− e−y
− ye−y

1− e−y
− 1

y
+

e−y

1− e−y
,

so by (A.3) d2g/dy2 > 0 provided

(
1 +

1
1− e−y

− ye−y

1− e−y
− 1

y
+

e−y

1− e−y

)2
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+
2e−y

(1− e−y)2
− ye−y

(1− e−y)2
− 2ye−2y

(1− e−y)3
− 1

y2
− e−y

1− e−y
+

e−2y

(1− e−y)2
> 0.

Simplifying shows that the latter inequality is equivalent to the inequality

y(1− e−y)(4y − 5y2e−y + ye−y − 4 + 8e−y + 3y2e−2y − 5ye−2y − 4e−2y) + y3e−2y > 0.

We actually prove that

4y − 5y2e−y + ye−y − 4 + 8e−y + 3y2e−2y − 5ye−2y − 4e−2y > 0 for y > 0. (A.4)

We write

4y − 5y2e−y + ye−y − 4 + 8e−y + 3y2e−2y − 5ye−2y − 4e−2y

= −4(1− e−y)2 + y(1− e−y)(4 + 5e−y) + y2e−y(3e−y − 5) = (1− e−y)R1(y) + R2(y),

where

R1(y) = −4(1− e−y) + y(1.51 + 5e−y),
R2(y) = 2.49y(1− e−y) + y2e−y(3e−y − 5).

Thus, the proof is complete provided

Ri(y) > 0 for y > 0, i = 1, 2. (A.5)

Since R1(0) = 0, to prove (A.5) for i = 1 it suffices to check that dR1/dy > 0 for y > 0, which is
equivalent to

ey >
5y − 1
1.51

. (A.6)

The minimum of ey − (5y − 1)/1.51 is attained at y = log(5/1.51) and equals 6/1.51 −
(5/1.51) log(5/1.51) > 0 (in fact, log(5/1.51) ≈ 1.1973 < 6/5). Thus, (A.6) holds, and (A.5)
for i = 1 has been proved.

We now consider R2. Its derivative equals R3(y) = (−2.51 + 5y + 3e−y − 6ye−y)e−y. The
expression in parentheses is positive for y = 0 and y = 1, negative for y = 0.5, and is seen
first to decrease and then to increase. Therefore, dR2/dy is first positive, then negative and then
positive again, changing signs on [0, 0.5) and (0.5, 1). Hence, the minimum of R2(y) is attained at
y∗ ∈ (0.5, 1). Since R3(y) ≥ R3(0.5) on [0.5, 1] and R3(0.5) = −0.01e−0.5, we have that

R2(y∗) ≥ R2(0.5) + 0.5R3(0.5) = 2.49− 4.995e−0.5 + 1.5e−1 > 0.

(As a matter of fact, the latter sum approximately equals 0.0122.) Thus, (A.5) and hence (A.4)
have been proved.

We have thus proved that Kc(x) + Lc(u + x) decreases on [1 − 1/c − u, x̃] and increases on
[x̃, 1− u], where x̃ is the unique solution of the equation

log
x

1− e−cx
− cx

1− e−cx
= log

(
1− u− x

)
− c

(
1− u− x

)
(A.7)

that is not less than 1 − 1/c− u. Now algebraic manipulations show that the solution x∗ of (3.1)
is greater than 1− 1/c− u, satisfies (A.7), so x∗ = x̃, and Kc(x∗) + Lc(u + x∗) = Lc(u).

Remark A.1. In fact, x∗ ∈ [1− 1/(2c)− u, β − u].
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